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ABSTRACT

Reputation and punishment are significant guidelines for regulating individual behavior in human society, and those with a good reputation
are more likely to be imitated by others. In addition, society imposes varying degrees of punishment for behaviors that harm the interests
of groups with different reputations. However, conventional pairwise interaction rules and the punishment mechanism overlook this aspect.
Building on this observation, this paper enhances a spatial public goods game in two key ways: (1) We set a reputation threshold and use
punishment to regulate the defection behavior of players in low-reputation groups while allowing defection behavior in high-reputation
game groups. (2) Differently from pairwise interaction rules, we combine reputation and payoff as the fitness of individuals to ensure that
players with both high payoff and reputation have a higher chance of being imitated. Through simulations, we find that a higher reputation
threshold, combined with a stringent punishment environment, can substantially enhance the level of cooperation within the population.
This mechanism provides deeper insight into the widespread phenomenon of cooperation that emerges among individuals.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0250120

In the real world, individual behavioral choices have attracted
a large amount of attention. In complex networks, cooperation
and defection of nodes reflect real-life behaviors. Edges gener-
ate interactions, and spatial public goods games (SPGG) help to
understand social choices. Realistic social individuals are more
likely to choose bad behaviors due to the high rewards of free-
riding behaviors, and reputation and punishment mechanisms
are crucial to behavioral regulation. A good reputation leads to
trust and cooperation, while a bad reputation leads to isolation.
In addition, real societies have an assessment of individual rep-
utations, resulting in different communities and corresponding
management systems. This paper explores the evolutionary pun-
ishment mechanism of reputation and tolerance, combining rep-
utation and punishment to construct a community mechanism
that promotes cooperation, aiming to reveal behavioral patterns
and provide guidance for social cooperation.

I. INTRODUCTION

The study of cooperation in biology, sociology, and economics
is extensive.' When confronted with conflicts between individ-
ual interests and general interests, the selfish choices of individuals
often clash with the public interests of the group, thereby hindering
the emergence of cooperation.””'” Consequently, evolutionary game
theory has attracted significant attention and extensive research.
Prisoner dilemma game (PDG),""""" snow drift game (SDG),"”"
and public goods game (PGG)'*~*' are used to address dilemmas
observed in evolutionary games.”»”* The resolution of the social
dilemma is noteworthy, with numerous studies proposed to elu-
cidate the emergence of cooperation. For example, Nowak and
May”* are the first to show that a spatial structure can promote
the development of cooperation in the PDG in 1992. Since then,
substantial research on cooperative behavior has been carried out
in various evolutionary game models, including those based on
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square grids,”” small world networks, scale-free networks,”’~*
and hypergraphs.”~° Considering that the previously mentioned
network models neglect the typical social phenomenon of temporar-
ily offline vertices and the need to account for hidden vertices, as
well as the switching of vertex phases between online and hidden
states, Zeng’s work on temporal network modeling with online and
hidden vertices, based on the birth-and-death process, provides a
framework for evolutionary games.”

As researchers strive to elucidate the dilemma, various mech-
anisms that facilitate cooperation are investigated. Nowak™ put
forward five cooperative evolutionary rules, namely, kin selection,
direct reciprocity, indirect selection, group selection, and network
reciprocity. Subsequently, with the rapid advancement of social
network theory, numerous mechanisms, including rewards,”*"
punishment,”’ and social exclusion,"”* are thoroughly studied
in recent decades. For example, Liu incorporates both prosocial
and antisocial exclusion strategies related to public pools into
the public goods game, examining their effects on cooperation.
The findings indicate that social exclusion proves to be more
effective in reducing defection and fostering cooperation com-
pared to costly punishment.” In addition, Liu demonstrates that
unequal status significantly influences cooperative behavior, with
smaller nodes more likely to engage in positive cooperation, thus
providing a supplementary perspective on the aforementioned
mechanisms. "

In contrast to biological systems, human societies possess a
credit system in which reputation plays a crucial role, particularly
in business collaborations. Since Nowak and Sigmund® propose
the image-scoring reputation model, reputation-based mechanisms
are shown to effectively enhance cooperation in various social
dilemmas."""” In recent years, Xia et al. review the research related
to reputation, with a focus on image scores as the bearers of reputa-
tion and various forms of reciprocity, including direct, indirect, and
network reciprocity, demonstrating how these definitions influence
the evolution of cooperation in social dilemmas.”® In the context
of cooperation, reputation can influence an individual’s behavior
and decisions. For example, individuals with a good reputation are
more likely to be trusted and cooperate with others.">”’ Punishment
is also one of the important mechanisms for regulating individual
behavior. It is another important aspect of the promotion of coop-
eration. When individuals face punishment for non-cooperative
behavior, they are more likely to choose cooperation.”’~* However,
there is no agreed-upon norm for the mechanism of individual
punishment. Some studies prove that expensive punishment is not
applicable, as well as its role in rewards’ and the imposition of
antisocial punishment.””* Furthermore, reputation and punish-
ment mechanisms are confirmed to play a particularly important
role in influencing the ability of groups to participate in effective
collective actions. For example, Brandt integrates reputation and
punishment mechanisms into the PGG. By studying the complex sit-
uation of interaction among three individuals, he demonstrates the
promoting effects of territoriality, punishment opportunities, and
reputation on cooperative behavior. He reveals the interesting phe-
nomenon that less cooperative individuals can create a more coop-
erative society.” Furthermore, Podder finds that choosing social
norms that impose more moderate reputation-based punishment
will increase cooperation.”’ In general, effectively combining these
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two mechanisms to promote cooperation in groups remains one of
the difficulties in current research.

In community development projects, public facility construc-
tion projects are similar to PGG. Individuals can choose to cooperate
or defect. Due to the high returns brought about by defecting,
individuals often tend to choose this option. Several studies show
that the addition of punishment or reputation mechanisms can sig-
nificantly promote the emergence of cooperation. Inspired by the
tolerance mechanism for defectors in a harsh environment” and
considering community development, if a resident group actively
participates in community volunteer services for a long time and
has a good reputation, then even if the contribution of individual
members is slightly lower than expected, they will not be severely
punished. This reflects the concept of tolerance for high-reputation
groups.

Therefore, this paper focuses on the combination of reputa-
tion and punishment mechanisms. We set a reputation threshold
for the incorporation of punishment in the SPGG, with a third-
party punishment institution showing tolerance to defectors when
the average reputation of a game group is above this threshold. Our
model has two major improvements: one is a reputation evalua-
tion mechanism that allows individuals in high-reputation groups
to defect without corresponding punishment. The second is the use
of fitness functions based on reputation.

Simulations in square lattices show that the tolerance and pun-
ishment mechanism based on average reputation promotes cooper-
ation. In addition, a larger reputation threshold and punishment can
create a better cooperation environment.

The remainder of this paper is organized as follows. The
reputation-based tolerant punishment PGG model is elaborated in
Sec. 11, including the reputation evolution, punishment, and strat-
egy update rules. Subsequently, the specific process and details of the
simulation, along with the results and discussions of the experiment,
are presented in Sec. I1I. Finally, we summarize the entire context in
Sec. IV.

Il. MODEL
A. Spatial public goods game

SPGGs are vital for analyzing the cooperative dilemma present
in spatially structured populations. This model involves multiple
participants and operates as a two-strategy game. In an SPGG, each
player occupies a node in the network and engages with their neigh-
boring participants. Let N(i) denote the set of direct neighbors of the
player i. At each stage, the player i participates in the N(i) + 1 groups
of the SPGG simultaneously. One group revolves around the player
i itself, while the other N(i) groups involve each of its neighboring
participants.

In these multi-group games, the individual i must decide
whether to contribute one unit to the public pool. In each group
game, all contributions to the public pool are multiplied by an
enhancement factor r (r > 1). The resulting total is then equally
distributed among all participants in that group. Let s; denote the
strategy chosen by the player i. In this framework, the player i has
two choices: cooperation (s; = 1) or defection (s; = 0). In the gth
group game (1 < g < N(i) + 1, with the set of vertices of this group
denoted as Gg), the payoff for player i as a cooperator, denoted as
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Hg, and as a defector, denoted as H? , is defined as Eq. (1),

¢ = r—(NE’j 1) -
’ 1G4 ’ 1)
o N
¢ |Gyl

Here, N¢ indicates the count of cooperators, in addition to
player i, within their gth group game. Consequently, the total pay-
off I1; for individual i, who participates in N(i) + 1 group games,

can be calculated as I1; = ngl)ﬂ I

B. Reputation assessment of the players

We incorporate reputation assessment into the SPGG. In this
subsection, all players receive reputation scores over time, R;(%),
based on their actions within the evolutionary game. Addition-
ally, when a player contributes to the public pool, their reputation
increases by one unit during that time step. In contrast, if a player
does not contribute, their reputation will decrease by one unit,
as defined in Eq. (2). For simplicity and to avoid an unbounded
increase in individual reputations, we restrict the reputation values
to a range of [0, 20]. If a player’s reputation surpasses 20, it will be
capped at this maximum value. Conversely, if a player’s reputation
falls below 0, it will be adjusted to remain at 0,

JrRe-p+1 ifsm =1,
Rty = Rit—1) —1 ifs;(f) = 0. @)

C. Punishment based on low-reputation individuals of
the group

Furthermore, we incorporate a punishment mechanism into
the SPGG to encourage cooperation rather than defection. Based on
dynamic reputation, each group has a distinct average reputation.
We set a reputation threshold Ry. In the kth group game, if the aver-
age reputation of the players is less than Ry, a third-party institution
will punish b, being 0 < b < 1, on defectors. Therefore, the benefit
function in a low-reputation group changes from Eq. (1) to Eq. (3),

¢ = r(Ng——'_l) -1
g |Gyl ’ 3)
o N
¢ |Ggl

D. Strategy evolution

In this way, we take the reputation into account in the update
of the strategy. In order to be more in line with real society, we
determine that individuals with higher reputation and higher pay-
off have higher fitness. In the model, individuals with a reputation
higher than the reputation threshold will have a higher fitness. In
contrast, these individuals with a reputation lower than the reputa-
tion threshold will have a lower fitness. We adopt a simple linear
weighted method and use a damping factor § to adjust the relative
importance of these two factors. Therefore, we evaluate the fitness
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FIG. 1. The node strategy update process in the network. Red nodes repre-
sent defectors and blue nodes represent cooperators. (a) All nodes are randomly
assigned reputations and strategies. (b) All groups of public goods as circled by
the dotted line interact. (c) Punishment is carried out according to the average
reputation of the game group and update strategy using Eq. (5). Punishment is
implemented within the low-reputation group (red dashed box) but not within the
high-reputation group (green dashed box). (d) The network is updated, and the
next Monte Carlo step is taken.

of the agent i according to Eq. (4),

R, — Ry

fi(T1,R) = 811, + (1 — §) .

(4)

In this paper, we set A as the maximum reputation of 20 to
ensure that the difference in fitness brought by reputation is fixed
between 0 and 1. Next, the probability that agent i adopts the strategy
of agent j in the upcoming round of the game is determined by

1

r¢-s)=——— .
S (TR ) i (T1iR;
ORI

(5)

Here, f; (TT;R;) and f; (TI;R;) denote the fitness of player j and
player i, respectively. k (k > 0) is a noise parameter that represents
the uncertainty in the updating of the strategy. When « — 0, if the
player j has a higher fitness, the player i will definitely imitate the
player j. When « — oo, whether the player i imitates the player j is
completely random. Based on other scholarly works, we set « = 0.5
in this study.

To summarize our model process, Fig. 1 illustrates the pro-
cess in which nodes in the network start from the initial stage.
Their reputation is dynamically updated based on individual strat-
egy, and then the average reputation of the game group is calculated
to depend on whether to punish the defector. Finally, the strategy is
updated in combination with the new fitness function.

I1l. SIMULATION RESULT AND DISCUSSION

This section presents the evolution of cooperation that uses a
tolerant punishment mechanism across various parameter settings.
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A. Experimental setup and model parameters

We conducted Monte Carlo simulations on square lattices with
periodic boundary conditions, setting N = 60 x 60. The simulation
engine was implemented in Python 3.8 within the Anaconda envi-
ronment. Asynchronous update rules were implemented. Initially,
strategies C and D were assigned to each node with the same proba-
bility, and each player’s reputation was uniformly distributed within
the range of [0,20]. All simulation evolutionary steps are set to
t = 10*. For the final results of the evolutionary process, we ensure
the accuracy of the data by averaging 20 independent experiments.
Our focus is on the average level of cooperation in the population,
defined as pc = & 31, si.

B. Integrating reputation and payoff in a fitness
function

First, we study the change of cooperation ratio pc with the
damping factor § under a different reputation threshold R, to
explore how to organically combine reputation and payoff to deter-
mine individual fitness, which involves an examination of the evo-
lutionary process of cooperation ratio p¢ as it progresses toward a
stable state over time. As illustrated in Fig. 2, for the cooperation
ratio under a different reputation threshold Ry, when the damping
factor § is relatively small (§ < 0.36), the cooperation ratio is 1 after
the evolution reaches a stable state. That is because when p¢ is rel-
atively small, individual fitness is mainly determined by reputation.
Since defection will bring about a reduction in reputation, players
will tend to choose cooperation. As time accumulates, cooperators
will occupy the entire population.

In addition, as § increases, the fitness of the individuals will be
primarily influenced by the payoffs. It can be found that for differ-
ent reputation thresholds Ry, a phase transition from cooperation

FIG. 2. Frequency of cooperators p¢ as a function of damping factor & for differ-
ent reputation threshold Ry. Each data is obtained by averaging the proportion of
cooperators in the last 500 iterations after the system reaches evolutionary sta-
bility. Note that more an individual’s fitness depends on reputation, the more it
promotes the emergence of cooperation.
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to defection will occur, which is due to the fact that the high payoff
brought about by free-riding behavior is more conducive to the sur-
vival of defectors. In particular, when Ry, = 0, the cooperation ratio
will drop rapidly from 1 to 0. However, when Ry = {4, 8, 12, 16}, due
to the emergence of punishment, cooperators can stably appear in
the population. It should be noted that when cooperation emerges
in the population, the higher the reputation threshold Ry, the higher
the cooperation ratio. This reflects that the looser the inclusion con-
dition of punishment is, the more it can promote cooperation. Based
on this simulation, we set § = 0.5 to organically combine reputation
and payoff as individual fitness in the following simulations.

C. Influence of an enhancement factor and
punishment on cooperation

In this section, we analyze the evolution of cooperation under
two different reputation thresholds depending on reputation and
payoff (Ry = 1 and 4). From Fig. 3, when Ry, = 1, we observe that for
some smaller values of b (b = 0,0.25, 0.5), here, r will appear to cor-
respond to a critical value when cooperation arises. When b = 0, the
model degenerates into SPGG with only reputation evolution, and
our simulation results are similar to those of the previous study.”’ In
particular, when r < 2.8, all players decide to defect, and the ratio
of cooperation is 0. When r = 2.8, a phase transition takes place,
leading to an increase in the proportion of cooperators within the
population. As the punishment level b increases, the critical value
of r required for this phase transition decreases. Especially, when
b = 0.75, the group has large punishment for the defector.

Therefore, in this environment with a low-reputation thresh-
old and high punishment, defectors are unable to survive, and then
cooperation is the dominant strategy. Even when the enhancement
factor r is 1, defectors are unable to replace cooperators fully in com-
petition with them either. Hence, a phase transition will not occur.
For a more in-depth study, we establish a harsher punishment envi-
ronment (Ry = 4). Through comparison, in this case, only when
b = 0 will there be a phase transition from defection to cooperation.
The result at this time is the same as the result when (R, = 1). This
is because punishment b = 0. Therefore, regardless of the size of the
reputation threshold, there will be no punishment for defectors in
the group. When b is equal to 0.25, 0.5, or 0.75, cooperators can
survive when r is relatively small, demonstrating that punishment
favors cooperation. This shows that punishment under the reputa-
tion threshold plays a significant role in the emergence of collective
cooperative behavior.

Next, we demonstrate the process of evolution of the coop-
eration ratio over time under different punishment b with a fixed
enhancement factor r = 2.5, and in Fig. 4, we compared two dif-
ferent reputation thresholds (Ry =1 and Ry = 4). This value is
extremely representative since cooperation cannot emerge without
the introduction of punishment in the SPGG. However, in this
model, if reputation and punishment act simultaneously, cooper-
ation can exist under different punishment b. As shown in this
figure, when in an environment with a relatively large punishment
(b =0.25,0.50,0.75), the cooperation ratio first decreases and then
gradually increases to a stable value. After about 100 steps, the pro-
portion of cooperators p¢ in the population does not fluctuate much.
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(a) (b)

FIG. 3. Frequency of cooperators p¢ as a function of enhancement factor r for different punishment of b. Each data is obtained by averaging the proportion of cooperators
in the last 500 iterations after the system reaches evolutionary stability. Different panels display the cooperation level under different reputation thresholds, as (a) Ry = 1 and
(b) Ry = 4. The curves show the critical values r at which the phase transition from defection to cooperation occurs under different punishment b. For instance, the phase
transition points for the emergence of cooperation corresponding to b = 0, 0.25, and 0.50 in (a) are r = 1.1, 2.1, and 2.8, respectively.

This implies that there is intense competition between cooperators
and defectors within the population at this time.

However, in the least favorable environment (b = 0), that is,
regardless of the reputation threshold, there will be no punish-
ment for defectors in the environment. Eventually, the proportion of
cooperation will drop to zero. That is, because when b = 0, the game
degenerates into a PGG with only a reputation mechanism. At this

time, the strategy update rule of the nodes depends on the income
difference and their reputation. The income difference becomes the
factor that dominates strategy updates so that cooperators will tend
to imitate the strategies of defectors, resulting in free-riding behav-
ior and leading to the cooperation proportion dropping to zero.
When b = 0.25, 0.50, and 0.75, punishment plays a role in pro-
moting cooperation in the cluster. Therefore, the cooperation level

1.0 1.0
— b=0 — b=0
—— b=0.25 —— b=0.25
081 — b=0.5 084 — b=0.5
— b=075 — b=0.75
0.6 0.6
o o
< Q
0.4 0.4
0.2 0.2
0.0 : 0.0 :
10° 10t 10? 10° 10* 10° 10t 102 10° 104

L¥:9%:10 G20Z Aenuer 40

FIG. 4. Frequency of cooperators pc varies with time for different b. Fixed enhancement factor r = 2.5. Different panels display the cooperation level under different
reputation thresholds, as (a) Ry = 1.and (b) Ry = 4. In different punishment b, the system can reach evolutionarily stable in 10* iterations. For b=0, 0.25, 0.5, and 0.75, the
frequency of cooperators initially declines and then gradually increases toward a dynamically stable and non-zero level, whereas b = 0, the level of cooperation finally drops
to zero.
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reaches a dynamic equilibrium and is in a mixed state of cooperators
and defectors. By comparing these four curves, it can be found that
there is a risk of inducing cooperators to become defectors. Punish-
ment below the reputation threshold can maintain the proportion of
cooperation at a medium level. In addition, in the groups with the
highest punishment b, cooperators have more advantages. This con-
solidates the conclusion in Fig. 1 that the greater the punishment, the
more it can promote cooperation in SPGG. Moreover, by compar-
ing the cooperation evolution with different reputation thresholds
(R = 1and Ry = 4), it can be found that a higher reputation thresh-
old (Ry = 4) leads to a stricter environment of punishment; that is,
in the case of the same punishment b, a higher reputation thresh-
old results in a wider range of punishment, thereby enhancing the
survival of cooperators, which is consistent with the result shown
in Fig. 3.

D. Evolution of strategy and reputation on the lattice

To gain deeper insights into the emergence of cooperation and
the formation of cooperative clusters in space, we analyze the spa-
tial distribution of defectors and cooperators as shown in Fig. 5.
This figure illustrates the evolutionary dynamics of the spatiotempo-
ral distribution of both strategies at different time intervals. At the
beginning (¢ < 100), the node strategies are randomly distributed.
We observe that only a small number of nodes are clustered. This
is possibly due to the random distribution of node strategies and
reputations, which means that cooperators are unable to identify
defectors well in the group. Therefore, cooperators find it difficult to
resist the invasion of defectors, causing defectors to occupy the most
population. As time passes, the role of reputation and punishment
becomes more and more obvious, providing a good environment for
the survival of cooperators.

In the dual mechanism of reputation and punishment (R, = 4,
12,and 16), as the simulation evolves, the role of reputation and
punishment becomes more and more obvious, providing a good
environment for the survival of cooperators. With the survival of
the cooperators, the remaining cooperators form clusters to resist
the invasion of defectors. At time step t = 10000, cooperators will
dominate; especially when R, = 16, cooperators will completely
replace defectors. However, when R, = 0, at this time, the average
reputation of all groups will be higher than this reputation thresh-
old, resulting in the inability to incorporate punishment. Therefore,
cooperators cannot resist the invasion of defectors, and thus, there is
the behavior of all players free-riding in the end. The results indicate
that a lenient environment is not suitable for facilitating cooperation
or resisting the invasion of defectors. Eventually, cooperators in the
population completely disappear. In contrast, a strict environment,
that is, the higher the reputation threshold, the more it can promote
the emergence of cooperation.

Similarly, based on the snapshots of strategies shown in Fig. 5,
we have represented snapshots of individual reputation distribu-
tions in Fig. 6 to more thoroughly study the influence of reputation
on the evolutionary game. In various scenarios, initial node repu-
tation distributions are uniformly distributed within the range of
[0, 20]. As demonstrated in Fig. 6, in groups where reputation
and punishment act in concert (Ry = 4,12), at t = 100, individu-
als with high reputation will gradually emerge. Thus, a player with
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high reputation will exert an impact on the strategy update of those
with low reputation, making the latter more inclined to learn the
cooperative strategy of the former, thus leading to an increase in
their own reputation. Consequently, at t = 10 000, individuals with
high reputation will gradually form groups, thus resisting the inva-
sion of the defection strategy of individuals with low reputation,
and the phenomenon of high reputation being surrounded by low
reputation will occur.

It should be noted that when Ry, = 0, the snapshot of the
reputation evolves to pure blue, which means that the reputation
corresponding to its players is the lowest reputation. This is because
players in the group will adopt the more profitable defection behav-
ior because they will not be punished for defection, resulting in all
players in the group choosing to defect, thus low-reputation indi-
viduals occupying the entire population. However, when Ry = 16, at
t = 100, alarge number of players with a high reputation will occupy
the entire population. At t = 10000, they will completely occupy it.
This is because when the reputation threshold is set too high, it will
severely crack down on most defecting individuals. As a result, the
group is more inclined to choose the cooperative strategy. Moreover,
due to cooperation, the reputation of players accumulates rapidly.
Thus, high-reputation players become part of the entire population.

E. Impact of reputation-punishment synergy on
cooperation

Finally, as illustrated in Fig. 7, we study how the level of
cooperation changes by varying the main parameters of the model
(the enhancement factor r and the punishment b) under the
extended model of cluster reputation punishment. To gain a gener-
ally valid observation on the behavior of the system, we present the
results obtained simultaneously under different reputation thresh-
olds (Ry = 1 and 4). Under both reputation thresholds, the density
of cooperation increases as the parameter r or b increases. Within
the explored range of parameters, regions of pure cooperation and
pure defection are observed. In general, higher values of r and
b lead to a higher likelihood of cooperation, while lower values
are associated with an increase in defection. Moreover, when the
enhancement factor r reaches a certain threshold, a pure cooperation
region emerges, regardless of the magnitude of the third-party pun-
ishment b. In addition, when r is sufficiently large, the proportion
of cooperators in the system changes less significantly with increas-
ing b. This can be attributed to the increase in r, which leads to a
significant growth in the payoffs of both cooperators and defectors.
Consequently, the impact of the payoff difference caused by punish-
ment on the change in the proportion of cooperation is reduced. In
this kind of SPGG with high benefits, players are more inclined to
choose the cooperation strategy. By comparing the heatmaps with
two different reputation thresholds, it can be observed that when
Ry = 4, which corresponds to a higher reputation threshold, the
cooperative region is larger than that of a lower reputation threshold
(Ro = 1). Similarly, the defective region is also smaller. This fur-
ther confirms the synergistic effect of reputation and punishment in
promoting cooperation in grid networks. This aligns with the theo-
retical expectations of the extended public goods game presented in
the paper.
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FIG. 5. Snapshots of the spatial arrangements of strategies at four representative moments for different reputation thresholds. (a) Ry = 0, (b) Ry = 4, (¢) Ry = 12, and
(d) Ry = 16, and fixed enhancement factor r = 2.5 and b = 0.2. Each row from top to bottom represents a situation corresponding to a different reputation threshold Ry.
Each column from left to right represents a different time step t. White pixels stand for cooperators and blue pixels for defectors. It is noteworthy that defectors can survive
in an environment where no punishment is introduced (R, = 0). However, in an environment with a higher reputation threshold (R, = 4, 12, and 16), after 100 time steps,
cooperators gradually gather to form stable clusters. Thus, a strict reputation evaluation environment can induce the formation and development of cooperator clusters.
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FIG. 6. Snapshots of the spatial distributions of individuals’ reputation at four representative moments for different reputation thresholds. (a) Ry = 0, (b) Ry = 4, (c) Ry = 12,
and (d) Ry = 16. Fixed enhancement factor r = 2.5 and b = 0.2. From top to bottom, each row corresponds to a situation with a different reputation threshold Ry. From left
to right, each column represents a different time step t. The color bar shows the reputation values corresponding to different colors. It should be noted that the reputation
distribution snapshots are not entirely in line with the strategy distribution snapshots in Fig. 5 because the reputation evaluation criteria vary under different reputation
thresholds.
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FIG. 7. Heatmap of cooperation under different reputation thresholds. Different panels display the cooperation level under different reputation thresholds, as (a) Ry = 1 and
(b) Ry = 4. The density p¢ of cooperators is shown in the r and b parameter plane. The legend on the right side of the panel explains the meaning of colors. The value
of the cooperation level pc is the average of the last 500 steps obtained through 10 000 MC steps. It is generally the case that when we increase the factor r or penalty b
simultaneously, the level of cooperation will also increase correspondingly. However, when r reaches a certain threshold, regardless of how large the punishment b is, pure

cooperation will appear in the entire population.

IV. CONCLUSIONS AND OUTLOOK

In this paper, we enhance the existing SPGG from two perspec-
tives. First, we consider the average reputation of the game group
and the reputation threshold in reputation evolution to determine
punishment. Second, we assume that players with high payoff and
reputation have a higher probability of learning strategies. There-
fore, the paper combines reputation and punishment to jointly
construct the player fitness function and extends the individuals
with a higher reputation threshold who are fitter to the traditional
strategy update. A reputation threshold was included in the model to
distinguish between the high-reputation and low-reputation groups
of the game, thus determining whether to punish during the game
interaction process.

We have examined the effects of an enhanced reputation
threshold in SPGG, along with a punishment mechanism that incor-
porates tolerance and strategy learning influenced by both income
and reputation on the evolution of cooperation. Our simulations
demonstrated that incorporating reputation into the fitness func-
tion is crucial to fostering cooperation, particularly in stringent
environments. Generally, imitation based on income and reputa-
tion, combined with a rigorous reputation evaluation framework,
supports the sustainable survival of cooperators. This mechanism
provides valuable information on the ubiquitous phenomenon of
cooperation within social systems.

There are still many shortcomings in our model that need to
be improved. For example, when making the decision on whether
to punish or not, the reputation threshold in our model is fixed for

all game groups. This fact simplifies real situations, more complex
in general. In addition, when constructing the fitness function using
payoff and reputation, we use a simple linear function to combine
both reputation and payoff. Other extensions can also be used in
more in-depth research on the evolution of cooperation in SPGG.
For example, certain rewards can be given for cooperative behav-
iors in low-reputation groups. Punishment and reward values can
be linked to individual reputations rather than a fixed value.
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