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Heritable Deleting Strategies for Birth and Death
Evolving Networks From a Queueing
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Abstract—Evolving networks have always been studied a lot
featuring the dynamic properties of real-life networks. Studying
the mechanism of the growth and death of a network is of
great significance to network modeling. Identical to many mod-
els focused on the growing process, in this article, we study the
decreasing process thoroughly. A novel evolving network model
considering the growing and decreasing process is established
based on the queueing system. Focused on the degreasing pro-
cess, we originally investigate two strategies of vertex deleting
that are the brutal strategy and the heritable strategy which
characterizes the heritable behavior of “dying” vertices in real
networks. On the basis of our model, stochastic properties of
the proposed network are analyzed, e.g., the distribution and
the expectation of the stationary scale of the network are theo-
retically obtained. In addition to that, degree distributions with
different strategies are demonstrated in simulations, which man-
ifests the power-low distribution. The reliability of the network is
also studied by different attacks, sharing the same characteristic
with the scale-free network.

Index Terms—Complex network modeling, degree distribution,
deleting strategy, evolving network, queueing system, reliability.

I. INTRODUCTION

W ITH the development of the Internet, mass information
and data have marched into people’s life. Complex

networks consisting of plenty of nodes that can represent any
kind of information could have become an attractive and useful
tool for addressing various issues in many fields. The stud-
ies of power grids [1], biological networks [2], and financial
networks [3], [4] indicate the significance of the application
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of networks to real-world data. There is a strong requirement
for the network modeling and properties of networks to ana-
lyze a wide range of complex systems, which calls for a
lot of network models. Scale-free networks [5] proposed by
Barabási and Albert (BA) caused a sensation, and network
modeling began to spring up. In the light of the scale-free
network, lots of models were studied as an improvement from
different aspects. For further studying the network scaling,
the local-world evolving network was proposed [6], presenting
a transition between power-law and exponential distribution.
Later, a weighted evolving network model with a community
structure was established [7], and an extension of the local-
world network model was proposed, which takes the node
deleting into consideration [8].

One of the characteristics of real-life networks is that they
evolve with time. Hence, there were lots of models proposed
to study the growth and decrease of networks. An evolv-
ing network model with a Poisson arrival rate of adding
vertices was proposed, proving that the arrival rate is indepen-
dent of the degree distribution [9]. Another evolving network
model based on the birth-and-death process was established,
which describes the growth and decreasing mechanism and
presents a stationary scale of the network [10]. The theoreti-
cal solutions for the degree distribution based on a decreasing
random birth-and-death network model were provided to a
Poisson distribution [11]. The community structure of the
evolving network was modeled for predicting events appearing
in social networks [12], and an approach to detect overlapping
communities, as well as the evolving tendency was investi-
gated in [13]. Additionally, an evolving network model with
information filtering and mixed attachment mechanisms was
developed, revealing that the in-degree distribution has a tran-
sition between exponential and power-law scaling when not
filtering information [14]. A data-driven method was proposed
to predict the structure of time-varying networks [15].

In addition to the growth properties of real networks, the
decrease of network also exists in models considering real
situation [16]–[18]. Lots of models were studied concerned
about both the growth and decrease of networks. A network
model with the addition and deletion rule was proposed and
presented that the degree distribution transforms from scale-
free to exponential distributions with the rate of node deleting
increasing [19]. The effect of deleting vertices from the basic
PA model of the BA scale-free model was considered in [20].
The growth and deleting rule for nodes was considered with
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the local-world connectivity [8]. Results in [21] generalized
the uncorrelatedness displayed by models with uniformly ran-
dom and selective removal of nodes. A weighted evolution
network model was established where edges are removed with
probability [22]. The impact of the addition and deletion of
edges on synchronization was investigated [23].

Based on various network models, topological properties of
networks, e.g., the degree distribution or the average path is
also worthwhile to investigate. There are a lot of methods of
analyzing the degree distribution. Sudbrack et al. [24] studied
the degree distribution of a duplication and divergence network
by the master equation method. The degree distribution of an
evolving network was deduced via the mean-field theory [25].
From the perspective of the probability, the degree distribution
of a growing network was discussed based on the Markov
theory [26]. The average path length of small-world models
was obtained by the renormalization group method [27] and
the mean-field method [28].

Previous work studied the network evolving with time
focused on the growth of networks mostly, and some research
proposed the decreasing rule for the death of vertices described
above. However, such studies about the decrease of the
networks are inadequate, and there are still really important
factors ignored in network modeling, e.g., the heritable behav-
iors in terms of personal wealth and its heritage. To fill this
gap, in this article, we mainly propose an evolving network
model considering the decreasing mechanism as well as the
growth of networks. The focus is on the deleting of vertices,
which leads to the decrease of the network. In addition to
the brutal deleting strategy, we establish heritable deleting
strategies to describe the heritable behaviors in real networks.
Besides, by virtue of the queueing theory, we construct the
network by a queueing system, and obtain stochastic proper-
ties of the network size which is proved to be stationary. The
degree distributions of our proposed networks are analyzed
in simulations. The framework of our model is not only to
improve the network modeling theoretically but is of benefit
to fitting a plenty of dynamic complex system in real life as
well, i.e., the society wealth system. The organization of this
article is as follows: in Section II, we display the construction
of the evolving network models based on the queueing system
and present the deleting strategies in detail. Theoretical anal-
ysis of the model is provided in Section III. Simulations are
carried out to demonstrate the degree distribution and the reli-
ability of the networks in Section IV. Conclusions and future
work are given in Section IV.

II. EVOLVING NETWORK BASED ON QUEUEING SYSTEM

AND ITS DELETING STRATEGIES

As is well known, most scale-free networks cover the grow-
ing properties of real networks, yet ignoring the decreasing
properties and only a few of them study detailed deleting
strategies. From this perspective, we propose here a concrete
modeling algorithm for evolving networks based on the queue-
ing system, describe the deleting strategies, and then analyze
some of the stochastic properties in this section.

A. Queueing System and Modeling Process for Evolving
Networks

Before the queueing system is introduced, we primarily give
some fundamental assumptions. The new vertices are input at
a specific rate λ, while those vertices already existing in the
network are output at another specific rate μ. Then, the size
of the current network N(t), i.e., the number of vertices at
time t, can be regarded as a continuous-time Markov chain.
Considering all the possible value ranges of the vertex number
0, 1, . . . as the state space of the Markov chain, we thus can
reasonably utilize the birth-and-death process to describe the
modeling process of an evolving network.

Furthermore, we suppose that each vertex is a customer,
and its behavior connecting to the network until being deleted
is a service. Coupled with the birth-and-death process, the
dynamic process of the input and output of vertices is regarded
as a queueing system, of which basic trams for the proposed
networks are introduced below.

Queueing System for Evolving Networks:
1) Input Process: We employ a homogenous Poisson pro-

cess to denote the random occurrence of the vertex birth,
and its parameter λ indicates the rate of the birth for the
network.

2) Service Mechanism: Theoretically, the size of an evolv-
ing network can be as large as possible, i.e., the number
of customers under service values from 0 to ∞. Besides,
the customers are served simultaneously. The service
process, which eventually conducts as the vertex death,
also follows a Poisson process with a parameter μ,
indicating that the lifespan of a vertex is exponential.

3) Capacity: As our proposed network can be infinitely
large, the servers are always sufficient. Therefore, once
a vertex is input, it is immediately under service, and
the waiting time can be ignored.

4) Queueing Discipline: The rule of service is naturally
considered as first come first serve, which is common
for birth-and-death networks.

In accordance with these basic terms, the queueing system
of our proposed model is symbolically denoted as M/M/∞,
where the first M denotes the Poisson process for the birth
of vertices, the second M denotes the lifespan of a vertex
following an exponential distribution, and ∞ indicates that
the size of the network can be [0,∞).

On the basis of the queueing system as the input and
output mechanism for an evolving network, we next pro-
pose its modeling process. We illustrate the detailed process
including Initialization, Input and Connection, Output and
Disconnection, and Termination as follows.

Specifically, for the initialization phase, we assume the
initial network should be small sized yet highly connected.
The reason is that real initial networks, e.g., ARPANET, the
precursor of the Internet, possessed four vertices dispersed
in four different universities and connected to each other.
Therefore, considering the potential randomness, we use the
NW small-world network as the initial network.

Then, for the input and connection phase, the input of
new vertices follows a homogeneous Poisson process with
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Evolving Network Modeling
(1) Initialization

Considering a nearest-neighbor coupled network with N(0) ver-
tices, and each vertex is connected to its both K/2 neighbors on the
left and right. Then, we link any pair of vertices to each other by the
probability P.
(2) Input and Connection

The new vertex arrives at a certain rate λ as the Input following a
homogenous Poisson process.

For each new vertex, its m edges are connected are the existing
vertex i by the probability �i

�i = ki∑
j kj

(1)

where ki denotes the current degree of the vertex i, and thus defines
the Connection method.
(3) Output and Disconnection

Since the output of vertices occurs randomly, the lifespan of ver-
tices follows an exponential distribution. The vertices existing in the
network are gradually deleted at a specific rate μ, i.e., their staying
time t in the network is exponentially denoted as

P(t) =
{

1 − exp(−μt) t ≥ 0
0 otherwise. (2)

Once a vertex is removed from the network, its connections are
also deleted or reconnected to other vertices by the heritable strategies
which are introduced in detail in the next section.
(4) Termination

The ending time of the network modeling is manually set for T .
When T is reached, the network and its related information is output.

parameter λ based on the queueing system described above.
For simplification, we utilize PA �i the same as the scale-free
network to ensure the “Matthew effect” function in our model.

For the output and disconnection phase, the output of ver-
tices follows an exponential distribution, i.e., each vertex has
a natural life distribution in the network and will finally
die. Many real networks coincide with this process, e.g.,
the population network and scientific cooperation network,
their individuals will die or retire, then be removed from
the network. When the vertex is removed, we have two dif-
ferent strategies to deal with its connections which will be
emphasized in the next section.

For the termination phase, we use T to control the running
time of the network, and it is usually large enough to ensure
that the size of the network is stationary based on the theory
of the birth-and-death process.

Overall, the proposed network is built on various random
processes, and the birth-and-death process described as the
queueing system is applied to the network modeling, which
presents a new stochastic perspective on complex networks.
Furthermore, our model studies the deletion of vertices and
its strategy in the next section.

B. Deleting Strategies for Evolving Networks

Different from traditional scale-free networks, in many real
networks, the vertices keep both growing and decreasing.
Therefore, considering the decreasing part, a general and
reasonable deleting strategy is significant for the evolving
network modeling. Besides, an appropriate deleting strategy

should prevent the topological structure of evolving networks
from destroying, that mainly is the scale-free properties of
networks.

In this section, we investigate two types of deleting strate-
gies: 1) the brutal deleting and 2) heritable deleting. For the
brutal deleting strategy, once the vertex is removed from the
network, all its connections are also removed. This brutal strat-
egy applies to many simple real networks, e.g., the population
network or the worldwide Web. People or webs as vertices
are dead, their internal relationships are disconnected and they
have no longer any influence on those existing vertices in the
network, resulting in their connections being deleted along
with the vertices. The heritable deleting strategy is more com-
plicated. When a vertex is removed, its connections are totally
or partially saved and reconnected to the existing vertices.
This heritable strategy explains cooperative networks with her-
itages, e.g., the economic cooperation network, if an enterprise
in a manufacturing line is broken, to keep the line functioning,
its cooperative enterprise will find another similar enterprise
to cooperate with, i.e., the connection is not removed but
totally reconnected to a similar one. The heritable strategy also
applies to social networks, e.g., actor networks. Considering
an actor of high integrity and prestige is about to retire and
be removed from the network, he will surely introduce the
juniors to his similar cooperative actors, which transfers the
connection but only partially to juniors and makes the rela-
tionship heritable. Consequently, we next display both deleting
strategies for evolving networks in detail.

1) Brutal Deleting Strategy: The brutal deleting strategy
is a simple algorithm to deal with the disconnection of the
vertices, which in brief is interpreted as deleting vertices and
all their connections.

Concretely, considering the output and disconnection phase
of our proposed model, the lifespan of vertices follows an
exponential distribution as they gradually leave the network,
and the brutal deleting strategy is applied to deleting all con-
nections of the vertex removing from the network. Videlicet,
the deletion of vertices and their connections are simultaneous.

An illustration is displayed in Fig. 1 as an instant for the
brutal deleting strategy. By the evolving network modeling
described above, we have an initial NW small-world network
with six vertices, and for each time, v1 and v4 and all their
edges are brutally deleted, while v7 and v8 are randomly con-
nected by the “Matthew effect”. This example is a typical
queueing system based on the birth-and-death process and
applies the brutal deleting strategy to deal with the death of
vertices and edges.

Based on this strategy, the model will be a typical scale-
free network if the deleting rate is low enough to keep its
topological structure, since the PA still functions. However,
there are some obvious flaws in the brutal deleting strat-
egy, e.g., it will potentially cause isolated vertices especially
when a hub vertex is removed. In that situation, we also
remove the isolated vertices to remain a good connectivity
of the networks. Besides, if the parameter μ of the queueing
system is too large, the brutal deleting strategy is equivalent to
the random attack on the networks, which might destroy the
scale-free topological structure of networks. Based on these
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(a) (b) (c)

(e)(d)

Fig. 1. Illustration of an evolving network by the brutal deleting strategy to
display the modeling process. Starting with an NW small-world network, two
edges of a new vertex are connected to the existing vertices. Each subgraph
denotes that the occurrence of the input or output of a vertex. The red indicates
those vertices and the edges that will be removed from the network, while
the blue indicates those will be input. (a) Initial network. (b) v1 and its edges
are deleted. (c) v7 is input and connected to v3 and v6. (d) v4 and its edges
are deleted. (e) v8 is input and connected to v3 and v6.

issues, we propose an alternative deleting strategy for evolving
networks.

2) Heritable Deleting Strategy: The heritable deleting
strategy utilizes the vertex similarity of the topological prop-
erties, e.g., the degree and clustering coefficient, to inherit
its connection to similar vertices still existing in the network
instead of brutal deletion.

The critical part for this strategy is how to determine the
similarity of the deleting vertex and those existing vertices. To
address this issue, we first introduce the sequence of degree.
Considering the sequential adjacency matrix (aij(t))N(t)∗N(t) of
the evolving network with N(t) vertices, where

aij =
{

1, if i is connected to j at time t
0, otherwise.

(3)

Then, the sequential degree of vertex i denoted as ki(t) is

ki(t) =
N(t)∑

j

aij(t) (4)

which indicates the degree of vertex i at time t.
The degree is the fundamental topological property of

evolving networks that can be easily used to describe the con-
nectivity and local structure of a vertex. We, therefore, employ
them to calculate the similarity of vertices.

For t = 0, 1, 2, . . . , we have a discrete sequence of
the degree on the basis of time series, denoting as Ki =
{ki(0), ki(1), ki(2), . . .}.

Next, in order to measure the similarity, we utilize Pearson’s
correlation coefficient

ρi,j = E[X − E(X)][Y − E(Y)]

σXσY
(5)

where E denotes the expectation and σ is the standard devi-
ation. It provides a value from −1 to 1 to estimate the linear
correlation of vertices i and j.

If we substitute the degree sequences Ki and Kj into X and
Y , the linear similarity of vertices i and j can be calculated.

Once we have the similarity, the inheritance object is
required to be assigned. For this purpose, the Laplace smooth-
ing is developed to Pearson’s correlation coefficient, since
the value might be less than 0. Then, the revised correlation
coefficient is

ρi,j = ρi,j + 1. (6)

Eventually, the probability � that one of the connections of
the deleting vertex i is inherited to vertex j follows:

� = C1
ki(t)

⎛

⎝
ρi,j

∑N(t)
h �=i,h=1 ρi,h

⎞

⎠

⎛

⎝1 − ρi,j
∑N(t)

h �=i,h=1 ρi,h

⎞

⎠

ki(t)−1

≈ ki(t)ρi,j
∑N(t)

h �=i,h=1 ρi,h

. (7)

We thus can control the reconnection of vertex i.
However, there are still some issues on whether all connec-

tions of vertex i are reconnected to the network or not. To
address this issue, we propose two kinds of heritable deleting
strategies.

1) Totally Heritable Deleting Strategy: Once a vertex is
deleted, all of its edges are remained and reconnected
to other existing vertices.

2) Partially Heritable Deleting Strategy: Once a vertex is
deleted, if the number of its current connections is below
m, where m is the number of edges when the ver-
tex was input, then all of its connections are deleted;
otherwise, only m of its edges are remained and recon-
nected to other existing vertices, and other edges are also
deleted.

Obviously, the totally heritable deleting strategy will let
the network denser and denser. Therefore, we have another
partially heritable deleting strategy to ensure that the num-
ber of remaining edges is equal to its initial input edges at
most, i.e., reconnections of the deleting vertex are no more
than its initial connections. Therefore, the network will not
become too dense and the heritable impact of the deleted ver-
tex is below when it was first connected to the network. It is
worth noting that both strategies result in a scale-free network
as the PA still plays a significant role during the modeling
process.

For a better illustration of our proposed strategies, we
present Fig. 2 to show the difference between the two delet-
ing strategies. We start with an NW small-world network, then
delete v2 and v5 and input v9 and v10. For this example, we
let the edges of the new vertex, m = 2. Thus no matter which
strategy is utilized, v2 is deleted but its two edges should be
remained and randomly reconnected based on the similarity.
Whereas the edge number of v9 is larger than m, for the totally
heritable deleting strategy, all its three edges should be kept
and randomly reconnected based on the similarity, but for the
partially heritable deleting strategy, only its two edges should
be randomly selected.

As the example illustrates, both heritable deleting strategies
still keep the scale-free property of the network, the deleting
behavior and the PA both let high degree vertices become
higher, showing the rich-gets-richer phenomenon (the Matthew
effect).
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(a) (b) (c)

(d) (e)

(g)(f)

Fig. 2. Illustration of an evolving network by the heritable deleting strategy to
display the modeling process. Starting with an NW small-world network, two
edges of a new vertex are connected to the existing vertices. Each subgraph
denotes the occurrence of the input or output of a vertex. The red indicates
those vertices and the edges that will be removed from the network, while
the blue indicates those will be input. Subgraphs (a)(b)(c)(d)(e) show the
totally heritable deleting strategy, all edges of deleting vertices v2 and v5
are remained and reconnected. Subgraphs (a)(b)(c)(d

′
)(e

′
) show the partially

heritable deleting strategy, only 2 edges of deleting vertices v2 and v5 are
remained and reconnected.

III. ANALYSIS OF PROPOSED EVOLVING NETWORK SIZE

As our proposed model is described by the queueing system
based on the birth-and-death process, the stationary and lim-
iting probabilities of the continuous-time Markov chain can
be studied to analyze the topological properties of an evolv-
ing network. In particular, one of the properties different from
classic scale-free networks is the size of a network. Those
networks keeping continuously enlarging will make their sizes
infinite, but our model considers that the decreasing can stabi-
lize the size. In this section, we mainly produce the derivation
of the proposed evolving network size as a key topological
property.

First, we introduce some basic notations and definitions. As
described before, {N(t), t ≥ 0} denotes a stochastic process of
the size of a NBD, and its state space E = {1, 2, . . .} denotes
the set of possible values of N(t). Then, we have the following.

Definition 1: The probability Pm,n(�t) indicating the size
N(t) of m will next transfer into the scale of n in a very small
interval �t expressed as

Pm,n(�t) = P{N(t + �t) = n|N(t) = m}, m, n ∈ E (8)

is said to be the network size transition probability.
Besides, we let pn(t) = P{N(t) = n} denote the probability

that the number of network vertices is n at time t, then it is
as follows.

Definition 2: For t → ∞, we define the limiting probability

Pn = lim
t→∞ Pn(t), n ∈ E (9)

as the stationary probability distribution of the network size.
Obviously, our goal is to calculate the Pn for our mod-

els, manifesting that the network size converges in probability
to n. Next, we give some lemmas that are necessary for our
calculation as follows.

Lemma 1: For our proposed model on the basis of an
M/M/∞ system with the parameters λ and mu, the transition
of the network size is randomly denoted as

N(t + �t) =

⎧
⎪⎪⎨

⎪⎪⎩

N(t) + 1, with probability λ�t + o(�t)
N(t) − 1, with probability N(t)μ�t + o(�t)
N(t), with probability 1 − (λ + N(t)μ)�t

+o(�t).
(10)

Proof: As the input of vertices follows a Poisson pro-
cess with parameter λ, then during a very small interval
�t, the probability that only one vertex is input is
(λ�t/1!) exp(−λ�t), and the probability that the service is
unfinished is exp(−μ�t). Thus, the transition probability from
N(t) to N(t) + 1 is calculated as

PN(t),N(t)+1 = λ�t

1!
exp(−λ�t) exp(−μ�t) + o(�t)

= λ�t + o(�t). (11)

Analogously, during �t, the probability that none of the new
vertices arrives is exp(−λ�t), and for N(t) vertices, the prob-
ability that only one has been served is 1 − exp(−N(t)μ�t).
Then, we get

PN(t),N(t)−1 = exp(−λ�t)(1 − exp(−N(t)μ�t)) + o(�t)

= N(t)μ�t + o(�t). (12)

Obviously, the probability that none of the vertices arrives
or leaves is

PN(t),N(t) = 1 − (λ + mμ)�t + o(�t). (13)

Therefore, combining (11)–(13), the results follow.
Next, we determine the stationary distribution of the

proposed model size as follows.
Theorem 1: For evolving networks on the basis of an

M/M/∞ system, if the stationary distributions of the network
size {N(t), t ≥ 0} exist, they should follows:

Pn = 1

n!

(
λ

μ

)n

exp

(

− λ

μ

)

. (14)

Proof: Obviously, if the size {N(t), t ≥ 0} is homogeneous,
irreducible, and continuous, its stationary distribution always
exists.

On that condition, consider an extremely small time interval
�t, the variation of the probability Pmn(t) is expressed as

�P = Pm,n(t + �t) − Pm,n(t)

=
∑

l∈E

pm,l(t)Pl,n(�t) − Pm,n(t). (15)
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By the initial condition with the formula of total probability
and Definition 1, we get

Pn(t) =
∑

m∈�

P{N(0 + �t) = n|N(0) = m}

=
∑

m∈�

Pm(0)Pm,n(t) = Pm,n(t). (16)

substituting into (15) and applying Lemma 1, we have

�P =
∑

l∈E

Pl(t)Pl,n(�t) − Pn(t) = Pn−1(t)[λ�t + o(�t)]

+ Pn+1(t)[(n + 1)μ�t + o(�t)]

+ Pn(t)[1 − (λ + nμ)�t + o(�t)]

+
∑

|l−n|≥2

Pl(t)o(�t) − Pn(t)

= λ�tPn−1(t) + (n + 1)μ�tPn+1

− (λ + nμ)�tPn + o(�t). (17)

We let �t → 0 and yield

P′
n(t) = lim

�t→0

�P

�t
= λPn−1(t) + (n + 1)μPn+1(t) − (λ + nμ)Pn(t). (18)

For n = 0, it is obviously expressed as

P′
0(t) = −λP0(t) + μP1(t). (19)

For t → ∞, if the stationary distribution exists, then P′
n(t) =

0, we obtain the following equations:
{

λP0(t) − μP1(t) = 0
λPn−1(t) + (n + 1)μPn+1(t) − (λ + nμ)Pn(t) = 0

(20)

with the marginal condition
∑∞

n=0 Pn = 1, the solution of the
stationary distribution is

Pn = 1

n!

(
λ

μ

)n

exp

(

− λ

μ

)

. (21)

The result follows.
Equation (21) presents the probability of the network size

being n when the system is stationary, which is in the form
of a Poisson distribution. Theorem 1 concludes that the size
of evolving networks based on a birth-and-death process can
be stationary, and the network size is Poisson distributed with
a parameter λ/μ according to (21). Then, we can further deal
with some statistical properties of networks.

Theorem 2: The expected size of the proposed model based
on M/M/∞ systems is

E(N) = λ

μ
(22)

the variance of the size is

D(N) = λ

μ
(23)

and the average lifespan of each vertex is

T = 1

μ
. (24)

Proof: The average size is the expectation of the network
size and can be calculated as

N =
∞∑

n=0

nPn = λ

μ
exp

(

− λ

μ

) ∞∑

n=1

λn−1

μn−1(n − 1)!
= λ

μ
. (25)

The calculation of the variance of the size follows:

D(N) = E
(

N2
)

− E(N)2

= λ

μ
exp

(

− λ

μ

) ∞∑

n=0

(n + 1)λn

μnn!
− λ2

μ2
= λ

μ
. (26)

By the Little equation, the staying time as the vertex
lifespan is

T = N

λ
= 1

μ
. (27)

The results follow.
Theorem 2 suggests some important statistical perspective

on the size of networks, and we can easily calculate the mean
size and vertex lifespan once the parameters λ and μ are
provided.

Above all, the analysis manifests that our proposed networks
are obviously distinct from the normal evolving networks, con-
cretely, that is, the size of the proposed networks will be
stationary instead of an infinite increase, which results in good
statistical properties for us to study further.

IV. SIMULATION STUDIES

In this section, we display modeling simulations of the
proposed networks and their statistical properties of the
network size. Besides, in order to manifest that our proposed
models are still typically scale-free networks, we calculate the
statistical degree distributions and test the robustness and vul-
nerability of the proposed networks. All the simulations are
designed and created in Python. The BDS denotes the brutal
deleting strategy, THDS denotes the totally heritable deleting
strategy, and PHDS denotes the Partially heritable deleting
strategy in the following section.

A. Network Modeling

As described above, the modeling of networks is the foun-
dation of our simulations, and the generation of a random
process is the key to modeling. Thus, we mainly introduce
the simulation of random processes in this section.

No matter which deleting strategy is applied, the modeling
of networks depends on the queueing system and birth-and-
death process. Therefore, the Poisson process with a parameter
of μ as the death process is required. To deal with it, we
create a mutually independent exponential distributed random
sequence with an expectation of 1/μ as follows.

1) Given the value of μ and Tmax, generate exponential
distribution random values with μ, denoted as ti.

2) If cumulative time Ti ≤ Tmax, let Ti = Ti+ti, else output
the temporal series.

Then, T = {t1, t2, . . .} is the temporal series of a homoge-
neous Poisson process with a parameter μ.
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(a) (b) (c)

Fig. 3. Snapshots of evolving network models based on different deleting strategies. All networks start with 50 vertices, each one of them connects to its
two neighbors on the left and right, and have the probability 0.5 to link an extra path to other vertices at time of 2500. The parameters are set as λ = 4.5
and μ−1 = 100 with a termination time of 2000. The network snapshots show that the BDS network is sparse compared to PHDS and THDS network, while
the PHDS network is the densest. (a) Illustration of the BDS network. (b) Illustration of the THDS network. (c) Illustration of the PHDS network.

Then, we again use the same method to create the birth
process with a parameter of λ and employ the next_birth to
mark the time that the vertex will be next generated. The birth-
and-death process is created as follows.

1) Death: If min(T) < next_birth, update T and next_birth
by subtracting min(T) and remove the vertex with its
ti = 0;

2) Birth: Else, update T and next_birth by subtracting
next_birth, then input a new vertex and connect it to
the existing vertices by the preferential attachment and
give it the death time from T .

Based on these methods, we have the network modeling by
the birth-and-death process. Furthermore, we apply the her-
itage rule introduced in Section II-B to the modeling process,
set the initial networks as that N(0) = 50, K = 2, and P = 0.5,
and let λ = 4.5 for birth and μ−1 = 100 for death. As an illus-
tration, Fig. 3 displays three evolving network models based on
the deleting strategies we proposed. As a result, with the same
size, it is obvious to see that networks with heritage strategies
are denser than the network with a brutal deleting strategy,
and the total heritage is the most, which means the heritage
strategies keep the connections in the evolving process.

B. Network Size

In this section, we focus on experimental studies of the
sizes of evolving networks on the basis of queueing systems.
According to the above theoretical analysis, as the time t goes
by, the network size is decided by the input rate λ and the
output rate μ. Therefore, to simulate the size of these systems,
we control the three parameters λ, μ−1, and T , where λ is
the parameter of an exponential distribution to generate the
temporal series of a Poisson process and the same as μ, T is
set as a large enough number to obtain stationary results.

Specifically, we let the initial network size N(0) = 10 and
select three couples of (λ, μ−1), they are (2, 40), (2, 80), and
(4, 80), respectively, different in the last and fist numbers for
contrast, to obtain the sizes by time. As stationary results
require that time should be large, we thus let t 105, and record

(a) (b)

Fig. 4. Illustration of evolving network sizes and their distribution with differ-
ent parameters. The red plots and scatters denotes the size and its distribution
with parameters (2, 40), the green ones denote the size and its distribution
with parameters (2, 80), and the blue ones denote the size and its distribu-
tion with parameters (4, 80). (a) Network size will be stationary after some
time, and it follows the Poisson distribution according to (b).

the size of each network as time passes by in a half-log coor-
dinate. The purpose we employ the half-log coordinate is for a
clear illustration of the ascent stage and the stationary process
of the plots.

As a result, Fig. 4(a) shows the sizes by time with different
parameters as red, green and blue plots. We can clearly see that
the stationarity of size exists, three plots approach to some val-
ues already after t = 102, illustrated as the fluctuation around
the stationary value. As Theorem 2 describes, the expected
size as the stationary value as well as the variance of size
should be decided by the product of λ and μ−1. The results
of this figure precisely follow the theorem: after t = 102, with
the same λ = 2, the green plot with μ−1 = 80 approaches to
a twice larger value and fluctuates more extensive than the red
one with μ−1 = 40; with the same μ−1 = 80, the blue plot
with λ = 4 approaches to a twice larger value and fluctuates
more extensive than the green one with λ = 2. In other words,
the higher λ and μ−1 result in a higher stationary value and
dispersion degree.

In addition, we record the frequency of each size with the
same three couples of λ and μ during the time of 105, and by
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TABLE I
ERROR BETWEEN THE EXPECTED VALUE OF THE PROPOSED NETWORK

SIZE AND THEORETICAL POISSON DISTRIBUTION WITH DIFFERENT λ

AND μ

the law of large numbers, calculate their percentages as prob-
abilities, then the probability distribution of size is displayed
in Fig. 4(b).

According to Theorem 1, the size should be a homogeneous
Poisson distribution with parameters λ · μ−1. Obviously, from
the simulation results, all three distributions are symmetrical
Poisson distributions following the theorem. Furthermore, we
can see the expectation value more clearly from this figure,
respectively, 80 marked by red circles, 160 marked by green
circles and 320 marked by blue circles, which are all products
of λ and μ−1. The same for the variance, with the increase
of λ · μ−1 from left to right, the distributions become wider,
which indicates that the deviations are larger.

In order to further verify our theory, we also compare
the expected size distributions of our models with theoreti-
cal Poisson distributions and calculate their relative percentage
error. The parameters of theoretical Poisson distributions are
separately set as 80, 160, and 320 same as to our models,
and the results are shown in Table I. From the results, we can
apparently say that our simulated size is close to the theoret-
ical value, since the relative errors are very small and below
1% with all three pairs of parameters, which again validate
Theorem 2.

Overall, our simulations manifest that the size of the
proposed networks based on the queueing system will become
stationary as time goes by, and the distribution of size follows
a homogeneous Poisson distribution.

C. Degree Distribution

The degree is a simple character for a single vertex in the
network, but its distribution is the most important topolog-
ical property for evolving complex networks. Therefore, in
this section, we utilize some statistical approach to analyze
the degree distribution and obtain a degree exponent from
empirical data to manifest that our networks are scale free.

As we know, the degree distribution of scale-free networks
including our proposed models should follow a Power-law dis-
tribution, that is y = βx−γ , where β is the normalization, and
γ the power law exponent. In this simulation, the target for us
is to employ a simple Power-law to more precisely describe
the empirical data of the degree distribution of our models. For
this target, the fitting lines of Power-law distributions for the
data are required in a logarithmic coordinate. Suppose that the
empirical data follows a Power-law distribution, as we operate
in logarithmic coordinate, the equation is logged as:

A

(
x1
x2

)

= B (28)

where A = (log x, 1), x1 = −γ , x2 = log β, and B = log y. To
obtain the best fitting line, the least squared error is required,
equationally is

{
min, ‖b − Ax‖2

s.t. ATAx = ATB
(29)

where ‖·‖2 denotes the two-norm for vectors and x = (x1, x2).
Obviously, x1 in the solution x is the slope of the best fitting
line. By this argument, we can determine the simulated plot
line for the degree distribution of a network. Then, we plot
the degree distributions for network models with BDS, THDS,
and PHDS in double logarithmic coordinates and calculate
the slope, that is also the degree exponent, to verify whether
proposed models are scale free or not and study the influence
of different deleting strategies on degree distributions.

Concretely, we set time T = 5000 to ensure the network
evolves sufficiently and change the value of λ and μ. For the
first fittings, μ−1 is constant to be 100, we set λ to be 5, 10, 15,
20, and 25 for all three strategies-based networks. On the other
hand, we also let λ constant to be 5 and set μ−1 to be 100, 200,
300, 400, and 500 for all networks with different strategies.
Then, we use the above method to fit these empirical data and
record their degree exponents and demonstrate them in the
double logarithmic in Fig. 5. For clarity, we select five values
for each situation using different colors black, blue, green,
yellow, and red with different orientations, i.e., five different
degree distributions and exponents are displayed in diverse
colors in each subfigure. Specifically, the scatters denote the
empirical data, the x axis indicates the degree value k, the y
axis indicates the corresponding probability, the lines denote
the fitting Power-law distributions, and their slopes are the
required degree exponents.

As we can see, all figures show that the fitting plots are
strictly displayed as lines, which have the same trend as a
Power-law distribution even with different λs [Fig. 5(a)–(c)]
and μs [Fig. 5(d)–(f)], indicating that they are all typical
scale-free networks. In other words, all networks based on
the queueing system with different deleting strategies keep
the topological structure without destruction. Moreover, dif-
ferent deleting strategies have almost no effect on the degree
distribution, all are shown as the Power-law distribution with
approximate slopes. Due to the deleting strategy we use, we
can also find out that the maximum degree is limited and less
than 102. The reason is that, as time goes by, the hub vertex
is highly likely to be deleted and its connections as degree are
removed or heritably reconnected to other vertices, resulting
in a lower maximum degree.

Besides, detailed argument settings and results of degree
exponents are also listed in Table II. The table gives three
types of networks based on the different deleting strategies of
BDS, THDS, and PHDS, and γ is the corresponding degree
exponent. From this table, we can draw the conclusion that,
for all three types of the proposed networks, the value range of
the degree exponents lies in [2.5, 3.5], which is independent
of λ and μ and close to the degree exponents of real scale-
free networks. In a strict sense, although the value fluctuates
from one to another, there is no direct relationship with the
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(a) (b) (c)

(d) (e) (f)

Fig. 5. Fitting degree distributions of evolving networks with different deleting strategies. All figures are plotted in the double logarithmic coordinates, the
abscissas indicate the degree values of networks and the ordinates indicate the frequency rates as probabilities. The scatters are the distributions of empirical
data and the lines are their fitting Power-law distribution. Parameters are set as (a)–(c) μ−1 = 100 and (d)–(f) λ = 5. The empirical data all agree with the
theoretical results which follow a Power-law distribution. (a) Degree distribution of BDS networks with different λ. (b) Degree distribution of THDS networks
with different λ. (c) Degree distribution of PHDS networks with different λ. (d) Degree distribution of BDS networks with different μ. (e) Degree distribution
of THDS networks with different μ. (f) Degree distribution of PHDS networks with different μ.

TABLE II
DEGREE EXPONENTS OF EVOLVING NETWORKS BASED ON DIFFERENT

DELETING STRATEGIES

arguments, and the reason for fluctuation is randomness during
the modeling process.

In brief, the results indicate that our proposed networks
based on the queueing system are scale-free, showing as their
degrees are power-law distributed, and the parameters λ and
μ, as well as the BDS, THDS and PHDS have little influence
on the topological structure of our models.

D. Reliability of Networks

In this section, we focus on the simulation of the reliability
of the proposed networks and show that our networks have the
same reliability as scale-free networks. As we know, network

reliability indicates the ability of a network to perform its
original function even when damaged by natural or manmade
attacks. Evaluations for reliability are the invulnerability and
survivability generally measured by the average path length
variation before and after attacks.

Primarily, we need to select the attack type for the reliabil-
ity simulation. Principally, two types of attacks are considered:
1) the deliberate and 2) random attack. The deliberate attack
operates with certain strategies to remove vertices and edges
usually caused by human factors and contrarily, the random
attack removes vertices and edges with no purpose always
caused by self factors. The reliability of networks can be
divided into the anti-attack ability and fault tolerance corre-
sponding to the deliberate and random attack, respectively. In
this simulation, we remove certain percentages of the highest
degree vertices to simulate the deliberate attack, and remove
certain percentages of random vertices to simulate the random
attack.

Besides, the variation of the average path length is thus
utilized to measure the reliability. The reason is that it can
describe the connectivity of networks, which is a significant
evaluation criterion to measure the invulnerability. A lower
average search step indicates better connectivity. Therefore,
by comparing the network before and after the attack, we can
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(a) (b) (c)

Fig. 6. Average path length of evolving networks with different strategies under different ratios of the deliberate and random attack. The abscissas indicate
the ratio of attack from 0 to 30% totally 30 attacks, and the ordinates indicate the average path length. The green line with circles denotes the original path
length, the red one denotes the path length under the deliberate attack, and the green one denotes the path length under the random attack. (a) Average path
length of BDS networks with different attack ratios. (b) Average path length of THDS networks with different attack ratios. (c) Average path length of PHDS
networks with different attack ratios.

learn the strength and hazards of the attack. Concretely, we
assume that l is the average path length of the original network,
and L is the average path length after the first attack, then we
have the attack ratio

R = L

l
(30)

which indicates the strength and hazard of the first attack.
Obviously, if the network is immune to the attack, then R = 1,
and the network is steady and robust. If R < 1 after the
first attack, it suggests that the connectivity improves, or the
network becomes unconnected and has more than one con-
nected component, only the length of the maximum component
is compared. Otherwise, if R > 1 after the first attack, it means
that the connectivity becomes worse, and the network becomes
more unreliable.

The first simulation runs in a constant size for three
proposed evolving networks. For all three types of the
proposed networks with BDS, THDS and PHDS, referring
to Theorem 2, we let λ = 5 and μ−1 = 200 ensuring that
the expected size of the three networks is around 1000, and
the running time is beyond 500. The deliberate and random
attack ratio is set as from 0% to 30%, increases 1% each
time, and totally 30 attacks are operated. For each network,
we record its original average path length illustrated in Fig. 6
as the green line. Then, we attack networks deliberately and
randomly and record the average path length illustrated in
Fig. 6 as the red line and blue line, respectively. From these
three figures, we can obviously see the different results of
both attack types. All three networks show strong robust-
ness to the random attack, the average path length basically
remains steady and only slightly increases with a growth of
the attack ratio as the blue line displays. The reason is that
the proposed networks are scale free, i.e., the most vertices are
with a low degree and less important in the whole network,
and the random attack has a high probability to aim at these
low degree vertices, resulting in that the connectivity of the
whole networks remains unchanged. On the contrary, all three
proposed networks show a great vulnerability to deliberate
attacks, the change of the average path length increases inten-
sively with the growth of the attack ratio. This again shows
that our models are scale-free with a inhomogeneity of degree

TABLE III
VARIATION OF AVERAGE PATH LENGTH OF EVOLVING NETWORKS BASED

ON DIFFERENT DELETING STRATEGIES UNDER DIFFERENT RATIOS OF

DELIBERATE AND RANDOM ATTACK

distribution: the fewer vertices occupy the most degree, and
once they were removed from the network, most connections
are deleted, and shortcuts are also destroyed, then the con-
nectivity increases. It is worth noting that when the attack
ratio R grows larger than 0.15, the average path length starts
to decrease. The reason is that the connectivity is completely
destroyed, i.e., more than one connected component appears,
and we only record the average path length of the maximum
connected component resulting in a reduction, however show-
ing that the connectivity indeed decreases. To better illustrate
the variation of path length, we also use (30) to calculate the
change and show part of the results in Table III. In detail, it
suggests that all three types of networks are vulnerable under
a high ratio of deliberate attack but robust under a random
attack, which is in accordance with the results of Fig. 6.

In the other simulation, we study the relationship between
the reliability and the size of the network. The sizes of
networks are set as 500, 750, 1000, 1250, 1500, 1750, 2000,
2250, and 2500. The attack ratio is constant to be 20%, i.e., we
deliberately remove the 20% highest degree vertices or ran-
domly remove 20% vertices. For each size of the network, we
record its original average path length illustrated in Fig. 7 as
the green line. Then, we attack networks deliberately and ran-
domly, recording the average path length illustrated in Fig. 7
as the red and blue line, respectively. From these figures, we
can see that the larger the networks, the less stable they are,
i.e., all three networks are unreliable to the deliberate attack,
especially the size is large but immune to the random attack.

Authorized licensed use limited to: Southwest University. Downloaded on September 17,2022 at 12:03:35 UTC from IEEE Xplore.  Restrictions apply. 



6672 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS, VOL. 52, NO. 10, OCTOBER 2022

(a) (b) (c)

Fig. 7. Average path length of evolving networks with different sizes and strategies under constant ratios 20% of the deliberate and random attack. The
abscissas indicate the size of the network and the ordinates indicate the average path length. The green line with circles denotes the original path length,
the red one denotes the path length under the deliberate attack, and the green one denotes the path length under the random attack. (a) Average path length
of BDS networks with different network sizes. (b) Average path length of THDS networks with different network sizes. (c) Average path length of PHDS
networks with different network sizes.

TABLE IV
VARIATION OF AVERAGE PATH LENGTH OF EVOLVING NETWORKS BASED

ON DIFFERENT DELETING STRATEGIES WITH DIFFERENT SIZES UNDER

DELIBERATE AND RANDOM ATTACK

The reason is that in the constructing processes of all three
networks with different strategies, the more vertices connected
to the network indicate that the degree of highest degree ver-
tices will increase continuously, and a deliberate attack first
aims at these higher degree vertices, once they are removed
from the network, the distance to their neighbors will poten-
tially increase. Thus, the larger network shows vulnerability
to deliberate attacks. However, with the increasing of network
size, the random attack inversely has a very low probability to
remove a higher degree vertex, and the large network shows
robustness to it. For a better comparison, we again employ
(30) to calculate the variation of the average path length and
show part of the results in Table IV. From this table, we can
see that the variation keeps slightly increasing with the growth
of network size under the deliberate attack but barely changes
under the random attack, which further supports the results
of Fig. 7.

Both simulations suggest that the proposed evolving
networks with different strategies are “robust yet fragile,”
which is a basic and significant character for complex systems
and scale-free networks [30] and [31].

V. CONCLUSION AND OUTLOOK

Network modeling and properties of networks play a
significant role in network science, which demands rational
models for fitting real-life networks. In this article, we

established an evolving network model based on the queue-
ing system, which appropriately depicts both growing and
decreasing processes of networks. Importantly, we originally
proposed heritable deleting strategies by the similarity of ver-
tices for the decreasing of networks. The heritable deleting
strategies give a novel insight into the decreasing mechanism
which fits the heritable property in real-life networks, e.g., the
inheritance in family wealth networks and enterprise cooper-
ation networks. Besides, the heritable deleting strategies also
make networks keep the scale-free property, not destroying
their connectivity according to simulations where the degree
of networks follows a power-low distribution, and manifests
the “robust yet fragile” characteristic of scale-free networks via
different attacks. Furthermore, we perform an analysis of the
network size, which follows a stationary Poisson distribution
with the parameter related to the input rate λ and the output
rate μ.

However, there are still challenging tasks to address, e.g.,
the analytical expression for the degree distribution of the
proposed evolving network is difficult to deduce. It is sig-
nificant and meaningful to obtain the degree distribution and
figure out the degree exponents in addition to simulation
results. Besides, the construction of the network can be more
concrete according to different types of queueing systems for
better simulating various networks in real life.
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