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A B S T R A C T

The emergence and mechanism of cooperation in social dilemmas have always been fundamental issues in
evolutionary game theory. In this paper, we study the snowdrift game, in which individuals in a stronger
position can gain additional benefits in cooperation with weaker individuals due to differences in status.
Meanwhile, innocuous-type strong individuals will not harm their partners’ interests, while harmful-type ones
will. In a mixed population, the strong individuals in these two asymmetric snowdrift games are more inclined
to cooperate, but the weaker ones are more willing to choose defection. The average cooperation frequency is
not lower than in symmetric populations. In structured populations, on the other hand, asymmetry promotes
the formation of a configuration with a cooperator cluster with a core of strong cooperators, thereby promoting
cooperation among individuals. However, only within a small range of parameters the frequency of cooperation
will be slightly reduced. Harmful-type strong individuals can be more conducive to promoting cooperation
than innocuous-type ones in some cases. The existence of harmful and strong individuals in the snowdrift
game further helps to solve the social loafing effect.
1. Introduction

In the theory of evolution, Charles Darwin proposed that every
individual in nature is inherently selfish [1]. However, the existence
of cooperative behavior among individual organisms, ranging from
bacteria to primates, has long puzzled evolutionary theorists [2]. In
human societies, generating and maintaining cooperation has been a
dilemma for biologists and sociologists alike, as individual interests
often conflict with collective interests in social dilemmas [3]. In com-
plex environments, personal choices to maximize benefits are often
constrained by limited rationality [4,5]. Later, J. Maynard Smith and
G. R. Price proposed evolutionary stabilization strategies in studying
competition among animals for limited resources such as food, which
marked the birth of evolutionary game theory [6]. This theory serves
as a common theoretical framework for studying cooperation in social
dilemmas [7,8]. It reveals the seemingly contradictory yet unified
underlying motivation between competition among selfish individuals
and the widespread cooperative behavior observed in real life during
the evolution of individual cooperative behavior and populations [9].
As a classic game model reflecting social dilemmas, the snowdrift game
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(SDG) has been intensively studied, including its application in various
spatial structures [10].

In 1992, Nowak and May introduced evolutionary games into net-
work structures [11]. It is now widely recognized that spatial structures
can promote cooperation by facilitating the formation of clusters of
cooperators in the prisoner’s dilemma, thereby preventing the invasion
of defectors. However, in the snowdrift game, when applying imitation
protocol for strategy update, an increase in the size of the spatial
structure can inhibit the emergence of group cooperation. But by
using alternative microscopic dynamics, the positive consequence of
spatiality is restored [12,13]. This phenomenon is observed in several
real-life situations, such as when a company takes on a new project.
Initially, it is rational for all individuals to cooperate in order to
obtain collective benefits. However, each person has multiple strategic
choices as the group size increases. For various reasons, numerous
individuals fail to reach a cooperative intention. This phenomenon
can be attributed to the prevalent idea of receiving something for
nothing in a group, defined in psychology as the social depravity effect.
960-0779/© 2023 Elsevier Ltd. All rights reserved.
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This effect hinders the promotion of cooperation. Numerous mech-
anisms have been extensively studied to facilitate cooperation [14–
16], including variable payoffs [17–19], different social roles [20],
reward and punishment [21–23], etc. As SDG evolves, a state can be
reached where all members become uncooperative when the group
and population sizes become comparable [24]. However, prior research
has demonstrated that reputation mechanisms can effectively promote
and maintain cooperation by resolving the ‘‘tragedy of the commons’’
problem [25–28].

Classical models concentrate on symmetric interactions with homo-
geneous participants engaging in pairwise interactions using the same
payoff matrix, irrespective of their location or the individuals they
encounter in both well-mixed and spatially structured populations [29,
30]. The influence of individual social diversity on game theory has
garnered significant attention [31–34]. At the same time, population
differences can result in complex phenomena within society. Lots of
empirical experiments have revealed that partners interact asymmet-
rically in many well-known cooperative systems. A. McAvoy and C.
Hauert introduce two broad classes of asymmetric interactions into
evolutionary game theory: ecological and genotypic [35]. M. A. Fish-
man extends the analytical framework of evolutionary game theory to
games with two distinct types of players where the type-specific payoff
functions are nonlinear on the right-bi-player-type nonlinear (BNL) evo-
lutionary games [36]. The impact of node heterogeneity on cooperation
and wealth distribution has also been extensively researched [37–40],
where both asymmetric and symmetric interactions coexist, making
interactions complex. Attila Szolnoki and Matjaž Perc introduce various
heterogeneous individuals into the population, resulting in asymmetric
games in the population. Those research results emphasize the impor-
tance of asymmetry [41–44]. Similar to previous research, our work
also classified individuals in the population to display social roles with
different attributes in real life and focused on studying the impact
of asymmetric games on cooperation frequency. However, The impact
of the strong on the benefits of the weak in asymmetric populations
in SDG still requires further understanding. Recently, by utilizing the
concept of an asymmetric bimatrix game, Han and Wang proposed a
complex interaction mechanism between strong and weak individu-
als [45]. Their findings confirm that a certain degree of asymmetry
within an asymmetric population can promote cooperation in SDG.
Specifically, in this study, strong individuals can benefit from a higher
status without impeding the interests of weak cooperators, resulting in
a positive reputation for assisting them. However, based on the above
observations, we infer this is not always the case in the real world,
as malevolent individuals can exploit their strength to the detriment
of weaker partners. For example, powerful companies can use their
strength and influence to coerce weaker partners into accepting unfair
deals, even if they are disadvantageous. Du and Cao observed that
differences in strength, power, and influence could lead to individual
divergence and asymmetric payoffs. Cooperation is more likely to occur
when hub nodes are favored in the payoff matrix, even if this harms the
interests of the majority [46].

In this paper, we compensate for the gap of a single type of strong
individual group in existing work by introducing another harmful type
relative to the innocuous type to study the promoting effect of com-
plex interactions on SDG cooperation. Our works examine two-person
SDG that involve complex asymmetric interactions with two possible
strategies: cooperation and defection. We assume that the population
has two types of individuals – strong and weak – with a particular social
status gap. Furthermore, strong individuals are categorized as either in-
nocuous or harmful. The payoff matrices generated by the interactions
between individuals in these two asymmetric populations are defined
using asymmetric bimatrix games. Via simulations, we first provide
numerical results to demonstrate the dynamic properties of boundary
stable equilibrium. Then, we test the time steps for evolutionary games
to reach equilibrium and stability and evaluate the performance of
2

these complex interactions in improving cooperation frequency in a 100 t
∗ 100 two-dimensional grid by setting parameters in the model, such
as asymmetry 𝑘, cost-to-benefit ratio 𝑟, and degree of harm 𝑣. Then,
the robustness simulations of our conclusions in a smaller proportion
of strong individuals and in different networks, such as the NW small
world network built by Newman and Watts by randomly adding edges
on a regular network and two-dimensional hexagonal lattice network,
are also examined.

The rest of the paper is organized as follows: Section 2 provides
a detailed introduction to game models with complex interactions in
these two types. Section 3 describes the simulation results and analyzes
their implications. Section 4 summarizes the paper’s conclusions and
makes an outlook for future research.

2. Model

In real life, asymmetric statuses are reflected in many aspects,
ranging from the differences between superiors and employees in their
workplace or between the rich and poor to the differences between
countries with different international statuses. However, they all share
a common characteristic, which is the existence of cooperative behav-
ior. However, there is a situation in cooperation where individuals in
a strong position receive additional benefits. This process can harm
the benefits of those in a weaker position. The cooperation between
the strong, the cooperation between the weak, and the cooperation
between the strong and the weak constitute a complex interaction that
permeates society.

In this section, we first consider the deterministic dynamics of a
two-strategy SDG between two individuals with asymmetric complex
interactions. In order to elucidate the impact of complex interactions
on the frequency of cooperation in SDG, it is supposed that in an
infinite population with completely random pairing interactions, strong
individuals represent higher and stronger individuals in society. In
comparison, weak individuals represent weaker individuals in a more
general status in society. Cooperation and defection are two strate-
gies for strong individuals, represented using 𝐶1 and 𝐷1, respectively.
Similarly, for weak individuals, these two strategies use 𝐶2 and 𝐷2
represents, respectively. We stipulate that the interaction between in-
dividuals in the same status (between the strong and the strong or
between the weak and the weak) is symmetric. In contrast, the interac-
tion between individuals of different statuses (between the strong and
the weak) is asymmetric.

2.1. Game models with different asymmetric interaction types

Firstly, according to the standard SDG [10], the benefits of goal
solving for both parties in the game are b, and the cost of this is c. The
payoffs of individuals involved in symmetric interactions are given by
the payoff matrix 𝐴:

𝐴 =
(

𝑏 − 𝑐
2 𝑏 − 𝑐

𝑏 0

)

, (1)

with the parameters 𝑏 > 𝑐 > 0. In matrix A, the entries, reward for
utual cooperation 𝑅 = 𝑏 − 𝑐∕2 and sucker’s payoff 𝑆 = 𝑏 − 𝑐, are

he gains of the cooperation strategy 𝐶1 (𝐶2) against the cooperation
trategy 𝐶1 (𝐶2) and the defection strategy 𝐷1 (𝐷2), respectively. The
emptation to defect 𝑇 = 𝑏 and punishment for mutual defection

= 0 are the benefits of the defection strategy 𝐷1 (𝐷2) against
he cooperative strategy 𝐶1 (𝐶2) and the defection strategy 𝐷1 (𝐷2),
espectively.

After that, we discuss a base case in which individuals on one side
f the game can gain more from an asymmetric SDG, i.e., they can
ain more by choosing to cooperate when interacting with a weaker
ndividual than when interacting with an individual of the same status.

hen this problem is solved, one of the two players can receive an
dditional reward due to its higher status or reputation for helping

he weaker player. Considering that in real life, there are also two
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types of strong individuals, one individual does not harm the gain of
the weaker peer when gaining additional gain, while the other does.
Thus, we further divide the strong individuals into two categories:
innocuous-type 𝐼 and harmful-type 𝐻 . Then, we utilize two sets of
bimatrix games [47] for each of these two cases to demonstrate the
complex asymmetric role and keep each interaction an SDG satisfying
𝑇 > 𝑅 > 𝑆 > 𝑃 [10].

As mentioned earlier, the payoff matrix of the symmetric snow-
drift game is represented by 𝐴. In asymmetric interactions, in order
o distinguish the game benefits between different types of strong
nd weak individuals, we use the form of adding subscripts. Among
hem, 𝐼𝑆 represents harmless dominant individuals, 𝐼𝑊 represents

harmless disadvantaged individuals, 𝐻𝑆 represents harmful dominant
individuals, and 𝐻𝑊 represents harmful disadvantaged individuals.

(1) The payoffs of I-type strong individuals against weak individuals
are given by the payoff matrix 𝐴𝐼𝑆 :

𝐴𝐼𝑆 =
(

𝑘𝑏 − 𝑐
2 𝑘𝑏 − 𝑐

𝑘𝑏 0

)

, (2)

nd the payoffs of the corresponding weak individuals are given by the
ayoff matrix 𝐴𝐼𝑊 :

𝐼𝑊 = 𝐴 =
(

𝑏 − 𝑐
2 𝑏 − 𝑐

𝑏 0

)

, (3)

wherein the parameter 𝑘 is in the interval 𝑘 > 1, reflecting the degree of
asymmetry among individuals of different statuses, hereinafter referred
to as asymmetry degree. The entries 𝑅 = 𝑘𝑏 − 𝑐∕2 (𝑅 = 𝑏 − 𝑐∕2) and

= 𝑘𝑏 − 𝑐 (𝑆 = 𝑏 − 𝑐) are the benefits of strategy 𝐶1 (𝐶2) against
trategy 𝐶2 (𝐶1) and strategy 𝐷2 (𝐷1), respectively. 𝑇 = 𝑘𝑏 (𝑇 = 𝑏) and
= 0 are the benefits of strategy 𝐷1 (𝐷2), against cooperative strategy
2 (𝐶1) and defection strategy 𝐷2 (𝐷1), respectively.

(2) The payoffs of H-type strong individuals against weak individu-
als are given by the payoff matrix 𝐴𝐻𝑆 :

𝐴𝐻𝑆 = 𝐴𝐼𝑆 =
(

𝑘𝑏 − 𝑐
2 𝑘𝑏 − 𝑐

𝑘𝑏 0

)

, (4)

and the payoffs of the corresponding weak individuals are given by the
payoff matrix 𝐴𝐻𝑊 :

𝐻𝑊 =
(

𝑣𝑏 − 𝑐
2 𝑣𝑏 − 𝑐

𝑣𝑏 0

)

, (5)

where the parameter 0 < 𝑣 < 1 represents the degree of damage,
which can be regarded as a fixed constant. The remaining parameters
and entries in the income Eqs. (4) and (5), have the same meaning as
Eqs. (2) and (3), but with different numerical values.

2.2. Evolutionary game in well-mixed population

We posit that 𝑥 and 1 − 𝑥 are the frequencies of strategies 𝐶1
and 𝐷1 in innocuous-type (harmful-type) strong agents and that 𝑦 and
1 − 𝑦 are the frequencies of strategies 𝐶2 and 𝐷2 in weak agents,
respectively. Then, we obtain the expected returns 𝑊𝐶1

and 𝑊𝐷1
for

the two strategies 𝐶1 and 𝐷1 in strong agents, respectively, expressed
as follows:

𝑊𝐶1
= 𝑝

[

𝑥
(

𝑏 − 𝑐
2

)

+ (1 − 𝑥) (𝑏 − 𝑐)
]

+ (1 − 𝑝)
[

𝑦
(

𝑘𝑏 − 𝑐
2

)

+ (1 − 𝑦) (𝑘𝑏 − 𝑐)
]

, (6)

and

𝑊𝐷1
= 𝑝𝑥𝑏 + (1 − 𝑝) 𝑦𝑘𝑏, (7)

where the parameter 𝑝 denotes the proportion of strong agents in the
total population, which can be a fixed constant [47].

Similarly, we can derive the expected returns for weak agents
3

adopting strategies 𝐶2 and 𝐷2 in two different scenarios. b
(1) When weak agents against I-type strong agents, the expected
payoffs on their strategy 𝑊𝐼𝐶2

, 𝑊𝐼𝐷2
are:

𝑊𝐼𝐶2
= [𝑝𝑥 + (1 − 𝑝) 𝑦]

(

𝑏 − 𝑐
2

)

+ [𝑝 (1 − 𝑥) + (1 − 𝑝) (1 − 𝑦)] (𝑏 − 𝑐) , (8)

nd

𝐼𝐷2
= 𝑏𝑝𝑥 + (1 − 𝑝) 𝑦𝑏, (9)

(2) When weak agents against H-type strong agents, the expected
ayoffs on their strategy 𝑊𝐻𝐶2

, 𝑊𝐻𝐷2
are:

𝐻𝐶2
= (1 − 𝑝) 𝑦

(

𝑏 − 𝑐
2

)

+ 𝑝𝑥
[

𝑣𝑏 − 𝑐
2

]

+ 𝑝 (1 − 𝑥) [𝑣𝑏 − 𝑐] + (1 − 𝑝) (1 − 𝑦) (𝑏 − 𝑐) , (10)

nd

𝐻𝐷2
= 𝑝𝑥𝑣𝑏 + (1 − 𝑝) 𝑦𝑏. (11)

Therefore, based on the theory of replicating dynamic equations
47], the evolution of 𝑥 and 𝑦 over time can be written as:
𝑑𝑥
𝑑𝑡

= 𝑥 (1 − 𝑥)
(

𝑊𝐶1
−𝑊𝐷1

)

𝑑𝑦
𝑑𝑡

= 𝑦 (1 − 𝑦)
(

𝑊𝑋𝐶2
−𝑊𝑋𝐷2

)
, (12)

here 𝑋 can be taken as 𝐻 or 𝐼 , denoting a population containing
trong harmful individuals and a population containing innocuous-type
trong individuals, respectively.

Furthermore, from the theoretical analysis of Eq. (12), we infer the
ollowing conclusions for 𝑥 and 𝑦 over time in two cases (for a more
etailed mathematical proof, please see Appendix).

(1) When the strong individual in the population is I-type
details shown in the Appendix (1)):

i. There is no internal equilibrium, only stable boundary equilibria;
ii. The boundary equilibrium points (0, 0), (0, 1), and (1, 1) must be

unstable;
iii. When 𝑏−𝑐

𝑏− 𝑐
2
≤ 𝑝 ≤ 𝑘𝑏−𝑐

𝑘𝑏− 𝑐
2

, the boundary equilibrium point (1, 0) is

asymptotically stable;
iv. When 𝑝 ≥ 𝑐

2𝑏−𝑐 , the boundary equilibrium point ( (2𝑏−𝑐)𝑝−𝑐(2𝑏−𝑐)𝑝 , 1)
exists but is unstable;

v. When 𝑝 > 𝑘𝑏−𝑐
𝑘𝑏− 𝑐

2
, the boundary equilibrium point

( (2𝑏−2𝑘𝑏)𝑝+2𝑏𝑘−2𝑐(2𝑏−𝑐)𝑝 , 0) is asymptotically stable;
vi. When 𝑝 < 𝑏−𝑐

𝑏− 𝑐
2

, the boundary equilibrium point (1, 1+ 𝑐
(1+𝑝)(2𝑏−𝑐) )

is asymptotically stable;
vii. When 𝑝 ≤ 𝑐

2𝑏−𝑐 , the boundary equilibrium point (0, 2𝑐−2𝑏
(2𝑏−𝑐)𝑝+𝑐−2𝑏 )

exists but is unstable;

(2) When the strong individual in the population is H-type
(details shown in the Appendix (2)):

i. There is no internal equilibrium, only stable boundary equilibria;
ii. The boundary equilibrium points (0, 0), (0, 1), and (1, 1) must be

unstable;
iii. When 𝑏−𝑐

𝑏− 𝑐
2
≤ 𝑝 ≤ 𝑘𝑏−𝑐

𝑘𝑏− 𝑐
2

, the boundary equilibrium point (1, 0) is

asymptotically stable;
iv. When 𝑝 ≥ 𝑐

2𝑏−𝑐 , the boundary equilibrium point ( (2𝑏−𝑐)𝑝−𝑐(2𝑏−𝑐)𝑝 , 1)
exists but is unstable;

v. When 𝑝 > 𝑘𝑏−𝑐
𝑘𝑏− 𝑐

2
, the boundary equilibrium point

( (2𝑏−2𝑘𝑏)𝑝+2𝑏𝑘−2𝑐(2𝑏−𝑐)𝑝 , 0) is asymptotically stable;
vi. When 𝑝 < 𝑏−𝑐

𝑏− 𝑐
2

, the boundary equilibrium point (1, (2𝑏−𝑐)𝑝+2𝑐−2𝑏(2𝑏−𝑐)𝑝+𝑐−2𝑏 )
is asymptotically stable;

vii. When 𝑝 ≤ 𝑐
2𝑏−𝑐 , the boundary equilibrium point (0, 2𝑏𝑝(𝑘−1)+2𝑐−2𝑏(2𝑏−𝑐)𝑝+𝑐−2𝑏 )

exists but is unstable;

bviously, there is always a boundary stable equilibrium point affected

y parameters 𝑘 and 𝑝 for both situations.
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2.3. Evolutionary game in structured population

When the populations are embedded in networks with spatial struc-
tures that are closer to real social networks, we further consider two
scenarios by classifying strong individuals into type 𝐻 (harmful to
partners’ cooperation payoffs) and type 𝐼 (not detrimental to partners’
ayoffs) to be studied separately. Also, we specify the proportion of
trong individuals as 𝑝 and the balance of weak individuals as 1−𝑝. All

individuals are randomly distributed in the network and play symmet-
ric or asymmetric SDG with their neighbors. The symmetric SDG refers
to the interaction of individuals in the same position, including between
strong and strong individuals and between weak and weak individuals.
The opposite is true for the asymmetric SDG, which only contains the
interaction between the strong and weak individuals.

Initially, all agents randomly choose cooperative or defection strate-
gies. During the evolution process, we adopt synchronous update rules
for updating node strategies, traversing all the nodes every generation.
Assuming all individuals are rational and only learn strategies that yield
higher returns. During the update, node 𝑖 in the group is randomly
selected, and node 𝑗 is chosen randomly from the direct neighbors of
𝑖. 𝑖 and 𝑗 interact with their neighbors, and the payoffs obtained from
each interaction are added separately to receive the total payoffs of 𝑃𝑖
and 𝑃𝑗 of 𝑖 and 𝑗. And if 𝑃𝑖 ≥ 𝑃𝑗 , agent 𝑖 maintains its current strategy
unchanged. Conversely, if 𝑃𝑖 < 𝑃𝑗 , 𝑖 will imitate the strategy of learning
𝑗 with the probability given in Eq. (13).

𝑃 = 1

1 + 𝑒
𝑃𝑥−𝑃𝑦

𝜆

, (13)

where 𝜆 represents the selection strength as a constant. To ensure
everyone in the group has equal opportunities to update its strategy,
all of our simulation experiments are iterated 1000 times. In addition,
based on previous research [47], we define the cost-to-benefit ratio
𝑟 = 𝑐∕(2𝑏 − 𝑐) to test the impact of different parameters 𝑟.

As the evolutionary game progresses, the cooperation frequency of
-type populations will be higher than that of I-type populations in

ome cases. When 𝑣𝑏 < 𝑏 − 𝑐∕2 is satisfied, the harmfulness degree 𝑣
auses weak individuals to have lower payoffs from choosing defection
n interactions with strong individuals of the harmful type than from
hoosing cooperation in interactions with individuals of the same sta-
us. At this time, weak individuals who previously defected the strong
ndividuals are more likely to choose to cooperate with individuals of
qual status, thus promoting cooperation in the population. An example
f this process in a two-dimensional grid lattice network is shown
n Fig. 1. Red nodes represent the strong cooperators in the H-type
opulation, while orange nodes represent the strong cooperators in
he I-type population. Blue nodes represent weak cooperators, while
reen nodes represent weak defectors. In the H-type population, the
armfulness 𝑣 gives weak individuals who betray the strong ones a
hance to change strategies and cooperate with other weak individuals
hen 𝑣𝑏 < 𝑏−𝑐∕2 is satisfied. Nevertheless, in the I-type population, the
eak individuals cannot afford it since 𝑏 > 𝑏 − 𝑐∕2 is always satisfied.
hus, the cooperation frequency can be higher in some cases in the
-type population than in the I-type population.

. Simulation

In this section, some numerical results are first given to exhibit the
inetic properties of the boundary stability equilibrium. After that, we
est the time steps for evolutionary games to reach equilibrium and
tability and evaluate the performance of these complex interactions in
mproving the cooperation frequency in a 100 ∗ 100 two-dimensional
rid lattice network by setting parameters in the model, such as asym-
etry 𝑘, cost-to-benefit ratio 𝑟, and degree of harm 𝑣. Then, the

obustness of our conclusions in a smaller proportion of strong individ-
als and in different networks such as NW small world networks and
two-dimensional hexagonal lattice network with a scale of 10,000

odes are also examined. We use version 3.9.16 of Python to perform
imulation experiments in the Anaconda environment with version
4

.4.2 of Spyder and version 2022 of PyCharm Community software. a
.1. Trajectory of stable equilibrium at the boundary

Firstly, in order to make the model part more convincing, some
umerical results are provided to demonstrate the dynamic properties
f the boundary stable equilibrium mentioned in the model part. From
he model section, we can see that the value range of the proportion
f strong individuals 𝑝 is within [0, 1] and is divided into three sub-
ntervals: [0, 𝑏−𝑐

𝑏−𝑐∕2 ), [ 𝑏−𝑐
𝑏−𝑐∕2 ,

𝑘𝑏−𝑐
𝑘𝑏−𝑐∕2 ), and [ 𝑘𝑏−𝑐

𝑘𝑏−𝑐∕2 , 1]. There is always a
boundary-stable equilibrium point within each sub-interval. In addi-
tion, the I-type and H-type populations have the same boundary stable
equilibrium points. Therefore, we have plotted trajectory maps with
stable boundaries for various situations in the 𝑥–𝑦 plane, where 𝑥
represents the proportion of strong individuals choosing to cooperate
and 𝑦 for weak individuals, under the condition of using the parameters
𝑏 = 1.5, 𝑐 = 1, 𝑘 = 1.2 and 𝑣 = 0.89. For 𝑝, we take 0.2, 0.6, and 0.8 to
verify the conclusion, respectively.

When 𝑝 < 𝑏−𝑐
𝑏−𝑐∕2 is satisfied, the boundary stable equilibrium point

s (1, 0.375) for both populations and the boundary stable equilibrium
trajectory of the 𝑥 − 𝑦 phase plane is shown in Fig. 2. The population
in Fig. 2(a) contains I-type strong individuals, while the population
in Fig. 2(b) contains H-type strong individuals. All strong individuals
will cooperate in this situation, while some weak individuals will
cooperate. The average frequency of cooperators in this group is 0.5
(the proportion of strong individuals 𝑝 multiplied by the proportion
of strong cooperators 𝑥 plus the proportion of weak individuals 1 − 𝑝

ultiplied by the proportion of weak cooperators 𝑦), which equals the
quilibrium frequency of cooperators with only symmetric interactions
𝑏−𝑐

𝑏−𝑐∕2 .
For 𝑏−𝑐

𝑏−𝑐∕2 ≤ 𝑝 ≤ 𝑘𝑏−𝑐
𝑘𝑏−𝑐∕2 , the boundary stable equilibrium point

s (1, 0) for both populations and the boundary stable equilibrium
trajectory of the 𝑥 − 𝑦 phase plane is shown in Fig. 3. The population
in Fig. 3(a) contains I-type strong individuals, while the population
in Fig. 3(b) contains H-type strong individuals. In this situation, all
the strong will choose to cooperate, and all the weak will choose
to defect. The average frequency of cooperators in this group is 0.6,
which is higher than the equilibrium frequency of cooperators with
only symmetric interactions 𝑏−𝑐

𝑏−𝑐∕2 .
When 𝑝 > 𝑘𝑏−𝑐

𝑘𝑏−𝑐∕2 is satisfied, the boundary stable equilibrium point
s (0.7, 0) for both populations and the boundary stable equilibrium
rajectory of the 𝑥 − 𝑦 phase plane is shown in Fig. 4. The population
n Fig. 4(a) contains I-type strong individuals, while the population
n Fig. 4(b) contains H-type strong individuals. Some strong individ-
als will cooperate in this situation, while all weak individuals will
hoose to defect. The average frequency of cooperators in this group
s 0.56, larger than the equilibrium frequency of cooperators with only
ymmetric interactions 𝑏−𝑐

𝑏−𝑐∕2 .
The above results show that the stable equilibrium points of the

wo types of populations are consistent. Compared to the classic SDG,
he level of cooperation can be improved in SDG involving asymmetric
nteractions. At any asymptotically stable point, the average frequency
f a coordinator with asymmetric interactions is not less than the
quilibrium frequency of a coordinator with symmetric interactions.
n both populations, when the proportion of strong individuals is
igh (𝑝 ≥ 𝑏−𝑐

𝑏−𝑐∕2 ), complex interactions can enhance the frequency of
cooperation, but when the proportion is low (𝑝 < 𝑏−𝑐

𝑏−𝑐∕2 ), the frequency
of cooperation is equal to the average frequency of only symmetric
games ( 𝑏−𝑐

𝑏−𝑐∕2 ).

.2. The impact of different complex interactions on cooperation in struc-
ured populations

Different from well-mixed populations, spatially structured pop-
lations have also been extensively explored. This subsection will
ntroduce spatial structural factors and investigate the complex inter-
ctions between two types of interactions in structured populations,
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Fig. 1. An example of strategy change in asymmetric population evolution games. The strong cooperators in the H-type population are represented by red nodes, while orange
nodes represent the strong cooperators in the I-type population. Blue nodes represent weak cooperators, while green nodes represent weak defectors. (a) is a population with I-type
strong agents. (b) is a population with H-type strong agents containing the parameter of harmfulness degree 𝑣. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Fig. 2. Equilibrium stable trajectory with a strong individual proportion of 0.2. The stable balance represented by the red dot is that all strong individuals will choose to
cooperate. In contrast, some weak individuals will choose to defect. (a) is a population containing I-type strong individuals, and (b) contains H-type strong individuals. We utilize
the parameters 𝑝 = 0.2, 𝑏 = 1.5, 𝑐 = 1, 𝑘 = 1.2 and 𝑣 = 0.89 as examples.

Fig. 3. Equilibrium stable trajectory with a strong individual proportion of 0.6. The stable balance represented by the red dot is that all strong individuals will choose to cooperate.
In contrast, all weak individuals will choose to defect. (a) is a population containing I-type strong individuals, and (b) contains H-type strong individuals. We utilize the parameters
𝑝 = 0.6, 𝑏 = 1.5, 𝑐 = 1, 𝑘 = 1.2 and 𝑣 = 0.89 as examples.
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Fig. 4. Equilibrium stable trajectory with a strong individual proportion of 0.8. The stable balance represented by the red dot is that some strong individuals will choose to
cooperate, while all weak individuals will choose to defect. (a) is a population containing I-type strong individuals, and (b) contains H-type strong individuals. We use the
parameters 𝑝 = 0.8, 𝑏 = 1.5, 𝑐 = 1, 𝑘 = 1.2 and 𝑣 = 0.89 as examples.
including simulations on a 100 ∗ 100 two-dimensional grid lattice
network, an NW small-world network with a size of 10,000 nodes, and
a regular hexagonal lattice network with a scale of 10,000 nodes.

Firstly, we suppose that all individuals are located in a two-
dimensional grid lattice network with periodic boundary conditions
and a size of 100 ∗ 100. Each agent occupies the vertices of the square
grid, with the four vertical points on the top, bottom, left, and right
being its four direct neighbors. The network’s number of vertices and
edges are fixed, and self-interactions of agents are prohibited.

Then, the characteristic of regular networks is a high average clus-
tering and a long average shortest distance. In order to avoid the
contingency of the grid network simulation results when the network is
a regular hexagonal lattice with a periodic boundary condition scale of
10,000, we also conducted a robustness test. Each individual is reduced
to only three neighbors, each located at the vertex of a regular hexagon,
with an angle of 120 degrees between each neighbor.

Subsequently, due to the fact that the average path length of most
real networks is very small and typically exhibits a smaller world and
larger clustering coefficients. A single-parameter small-world network
model between a regular grid and a completely random network can
better reflect these characteristics typical in many real networks. In
other words, small-world networks have both ‘‘high network aggre-
gation’’ and ‘‘low average path’’ characteristics. The actual social,
ecological, and other networks are all small-world networks where
the information transmission speed is fast, and the performance of
the network can be greatly changed by changing a few connections,
such as cellular telephone networks. We consider establishing an NW
small-world network with a size of 10,000 to verify the robustness of
the conclusions. Starting from the rule graph, consider a rule network
with 10,000 points that form a ring, where each node is connected to
its adjacent 𝐾∕2 nodes on its left and right sides, and 𝐾 is an even
number [48]. Then, randomize it with edges and add an edge between
randomly selected 𝑁𝐾∕2 pairs of nodes with a 𝑃𝑁𝑊 = 0.5 probability.
And it is stipulated that there should be no double edges or self-rings.

We find that small filamentous clusters are formed in the symmetric
population when 𝑟 is large (𝑟 > 0.625 in a two-dimensional grid lattice
or a hexagonal lattice network, 𝑟 > 0.85 in an NW network), and
fewer individuals cooperate. In a complex interaction group with an
asymmetry degree of 𝑘 (approximately 𝑘 > 2.5), strong individuals can
gain more benefits in cooperation, especially H-type strong individuals,
who gain significantly greater benefits than weaker ones. Subsequently,
weaker individuals are more likely to imitate the strategies of stronger
individuals. Ultimately, it also creates a configuration with a cooperator
cluster with a core of strong cooperators and a defector cluster with a
core of estranged strong defectors. When 𝑟 is small (𝑟 < 0.25 in general),
the group can maintain a higher frequency of cooperation in a symmet-
ric group. Due to the existence of this cluster, when 𝑟 is large, the strong
6

individuals slightly reduce their cooperation frequency. In contrast,
the weaker individuals replicate this defection strategy, reducing the
overall cooperation frequency. For the two asymmetric populations, the
cooperative individuals of the H-type population seem to be slightly
higher than those of the I-type population in some cases.

3.2.1. Variation of cooperation frequency with evolution times
To further demonstrate the conclusion drawn from the model sec-

tion that the existence of asymmetry degree 𝑘 can increase the fre-
quency of population cooperation, here, we use other parameters 𝜆 =
0.15, 𝑐 = 1, and 𝑝 = 0.5.

Fig. 5 shows the variation of cooperation frequency with the time
steps on a two-dimensional grid under two conditions of 𝑘 = 1.2
and 𝑘 = 4 when 𝑟 = 0.625. As the number of iterations increases,
the cooperative frequency of symmetric populations approaches sta-
bility and reaches a stable level eventually. Currently, populations
with complex interactions still maintain a higher degree of coopera-
tion. Moreover, its existence increases the cooperation frequency of
asymmetric populations compared to symmetric populations when 𝑟 =
0.625.

Next, we test the cooperation frequency as a function of the number
of iterations at a lower value of cost-to-benefit ratio 𝑟 = 0.2, shown
in Fig. 6. In this case, the degree of asymmetry 𝑘 will reduce the
cooperation frequency of the asymmetric population compared to the
symmetric population. In contrast, the degree of harm 𝑣 will increase
the cooperation frequency within the asymmetric population. There-
fore, based on the previous conclusion, we conclude that the existence
of asymmetry degree 𝑘 can increase the cooperation frequency of the
population at large 𝑟 and reduce it at small 𝑟. The impact of harmful
degree 𝑣 (here, 𝑣 = 0.89 and 𝑘 = 4) on the cooperation frequency of
asymmetric populations in a two-dimensional grid network is relatively
small.

3.2.2. Performance of complex interactions in changing cost-to-benefit ra-
tios

Complex interactions can increase the frequency of cooperation in
spatially structured populations. In real life, the cost-to-benefit ratio 𝑟
may not be the same for different goals. Hence, we study the impact of
this complex interaction on the cooperation frequency under different
𝑟. Fig. 7 shows the results of the cooperation frequency changing with
𝑟. Among them, the simulation results when the proportion of strong
individuals is 𝑝 = 0.5 and when 𝑝 = 0.25 are demonstrated. Plus, the
simulation results are also given when the population is in an NW
network and a regular hexagonal lattice network. The other parameters
𝜆 = 0.15, 𝑘 = 4, 𝑐 = 1, 𝑣 = 0.89 are used here.

We find that the degree of asymmetry only shows an increase in the
cooperation level when approximately 𝑟 > 0.25, except for the regular
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Fig. 5. Under a cost-to-benefit ratio of 𝑟 = 0.625, the frequency of cooperation among the three populations changes over evolutionary time. The asymmetry degree 𝑘 of (a) is
1.2, and for (b) is 4. The blue curve represents a symmetric population, the orange an I-type population, and the green an H-type population. Other parameters: 𝜆 = 0.15, 𝑝 = 0.5,
𝑐 = 1, 𝑣 = 0.89. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. Under a cost-to-benefit ratio of 𝑟 = 0.2, the frequency of cooperation among the three populations changes over evolutionary time. The asymmetry degree 𝑘 of (a) is 1.2,
and for (b) is 4. The blue curve represents a symmetric population, the orange an I-type population, and the green an H-type population. Other parameters: 𝜆 = 0.15, 𝑝 = 0.5,
𝑐 = 1, 𝑣 = 0.89. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Cooperation frequency as a function of the cost-to-benefit ratio 𝑟 with an asymmetry degree of 𝑘 = 4. (a) The proportion of strong individuals is 𝑝 = 0.5. (b) 𝑝 = 0.25. (c)
The population is in an NW network. (d) The population is in a regular hexagonal lattice network. The results are the average of 10 replicates and the latest 100 generations of
1000 generations in each replicate. Other parameters: 𝜆 = 0.15, 𝑐 = 1 and 𝑣 = 0.89.
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Fig. 8. The cooperation frequency changes as a function of asymmetry degree with 𝑟 = 0.2. (a) The proportion of strong individuals is 𝑝 = 0.5. (b) 𝑝 = 0.25. (c) The population is
in an NW network. (d) The population is in a regular hexagonal lattice network. In the I-type population, the strong and weak individuals’ results are represented by an orange
and green triangle. In the H-type population, the strong and weak individuals’ results are represented by a pink and purple pentagram. Blue circles represent the results under
symmetric conditions. The result is the average of 10 replicates and the most recent 100 generations of 1000 generations in each replicate. Other parameters: 𝜆 = 0.15, 𝑐 = 1,
𝑣 = 0.89. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
hexagonal lattice network where around 𝑟 > 0.45 is required and for the
NW network where 𝑟 is around greater than 0.2. In these two types of
complex interactions, even if the cost-to-benefit ratio is significant (𝑟 is
larger than 0.7 in the grid network, 𝑟 is larger than 0.85 in the NW net-
work, and 𝑟 is larger than 0.7 in the regular hexagonal lattice network),
cooperation can still be maintained at a high level. Nevertheless, under
symmetric conditions, cooperation can be disrupted. The existence of
an asymmetry degree 𝑘 = 4 significantly increases the frequency of
population cooperation, even when the cost-to-benefit ratio 𝑟 is rela-
tively large and cooperation is easily interrupted. Therefore, complex
interactions involving asymmetric games can enhance cooperation in
the populations that play SDG within a wide range of cost-to-benefit
ratios.

3.2.3. Performance of complex interactions in changing asymmetry degree
The indicator that reflects the degree of difference between indi-

viduals of different statuses in a group is the degree of asymmetry,
represented by the parameter 𝑘 in the model. The status gap between
individuals varies in real life, and different status gaps can have dif-
ferent effects. In order to explore the impact of the difference between
strong and weak individuals on the promotion of cooperation, we plot
curves for different individuals of the frequency of cooperation in the
population as a function of 𝑘 under both low (𝑟 = 0.2) and high (𝑟 = 0.8)
cost-to-benefit ratios.

Under the condition of 𝑟 = 0.2, Fig. 8(a) shows the simulation results
of a grid network with a strong individual ratio of 0.5. At the same
time, Fig. 8(b) has a ratio of 0.25. Fig. 8(c) shows the simulation results
of a population located on an NW network with a strong individual
ratio of 0.5. In contrast, Fig. 8(d) shows the simulation results on
8

a regular hexagonal lattice network. When the cost-to-benefit ratio
is relatively small, the level of cooperation in symmetric populations
is higher. Under this, when 𝑘 > 3, the complex interactions on the
lattice networks begin to manifest (as shown in Figs. 8(a) and (b)).
In comparison, 𝑘 > 1.2 is required on an NW network (as shown
in Fig. 8(c)) and 𝑘 > 2 needs to be satisfied on a hexagonal lattice
network (as shown in Fig. 8(d)), but their curves all have similar
trends, as 𝑘 increases, strong cooperators can learn strategies from weak
defectors but not from weak cooperators. This can lead to the forming
of a cluster of defectors with strong defectors as the core, leading to
decreased cooperation frequency. It is worth noting that the curves of
the two status individuals in the H-type population are slightly higher
than those of the corresponding I-type population individuals, and the
harmful degree 𝑣 = 0.89 can potentially increase the frequency of
cooperation.

Under the condition of 𝑟 = 0.8, Fig. 9(a) a shows the simulation
results of a grid network with a strong individual ratio of 0.5. In con-
trast, Fig. 9(b) has a ratio of 0.25. Fig. 9(c) shows the simulation results
of a population located on an NW network with a strong individual
ratio of 0.5. While Fig. 9(d) shows the simulation results on a regular
hexagonal lattice network. At this high value of 𝑟, the cooperation level
of symmetric populations is basically lower than that of asymmetric
ones. When 𝑘 > 2, the complex interaction in Figs. 9(b) and (d) begins
to manifest, while in Figs. 9 (a) and (c), 𝑘 > 2.5 needs to be satisfied,
and their curves have a rough trend. As 𝑘 increases, strong individuals
desire to cooperate with each other, while weak individuals hope to
follow the strategy of strong neighbors since strong individuals can
receive higher rewards than weak individuals. The complex interactions
greatly increase the frequency of cooperation between populations. It is
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Fig. 9. The cooperation frequency changes as a function of asymmetry degree with 𝑟 = 0.8. (a) The proportion of strong individuals is 𝑝 = 0.5. (b) 𝑝 = 0.25. (c) The population is
in an NW network. (d) The population is in a regular hexagonal lattice network. In the I-type population, the strong and weak individuals’ results are represented by an orange
and green triangle. In the H-type population, the strong and weak individuals’ results are represented by a pink and purple pentagram. Blue circles represent the results under
symmetric conditions. The result is the average of 10 replicates and the most recent 100 generations of 1000 generations in each replicate. Other parameters: 𝜆 = 0.15, 𝑐 = 1,
𝑣 = 0.89. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
worth noting that the curves of the two status individuals in the H-type
population are similar to those of the corresponding I-type population
individuals, and the harmful degree 𝑣 = 0.89 is not very prominent
under a large cost-to-benefit ratio 𝑟 = 0.8.

3.2.4. The performance of complex interactions in changing harmfulness
degree

We use the parameter 𝑣 to represent the degree to which H-type
strong individuals harm the interests of their partners. It is also valuable
to explore the impact of the scale of 𝑣 on the frequency of cooperation.
In the real world, individuals at different heights can choose whether to
harm their partners’ interests and the degree of harm to their interests.
So, we plot curves of population cooperation frequency with respect
to the variation of 𝑣. It should be noted that in order to meet the
conditions of SDG, when 𝑟 = 0.2, the value of 𝑣 is in the interval
[0.35, 1). When 𝑟 = 0.625, 𝑣 is considered in the interval [0.77, 1). The
other parameters 𝜆 = 0.15, 𝑘 = 5, 𝑐 = 1 are used here.

Under the condition of 𝑟 = 0.2, Fig. 10(a) a shows the simulation
results of a grid network with a strong individual ratio 𝑝 = 0.5. In
contrast, Fig. 10(b) has 𝑟 = 0.25. Fig. 10(c) shows the simulation results
of a population located on an NW network with a strong individual
ratio of 0.5. While Fig. 10(d) shows the simulation results on a regular
hexagonal lattice network. We see now that a certain value of 𝑣 can
further promote cooperation in H-type populations with asymmetric
complex interactions, which is a bit higher in frequency than in pop-
ulations with strong I-type individuals, although the increase is small.
This effect begins to manifest approximately when 𝑣 > 0.4. The harmful
degree of low returns for weak individuals always leads to a decrease in
the frequency of population cooperation compared to the populations
containing I-type strong individuals.
9

Under 𝑟 = 0.625, Fig. 11(a) shows the simulation results of a grid
network with a strong individual ratio of 0.5. In contrast, Fig. 11(b)
has a ratio of 0.25. Fig. 11(c) shows the simulation results of a popu-
lation on an NW network with a strong individual ratio of 0.5. While
Fig. 11(d) shows the simulation results on a regular hexagonal lattice
network. The result is similar to that for 𝑟 = 0.2. The existence of 𝑣 can
promote cooperation among populations with asymmetric interactions.
This effect begins to manifest approximately when 𝑣 > 0.79. However,
the harmful degree of low returns for weak individuals always leads
to a decrease in the frequency of population cooperation compared to
the populations containing I-type strong individuals. We notice that
the harmful degree of the population with asymmetric interactions
significantly improves the cooperation in a regular hexagonal network
and a grid lattice network with a strong individual ratio of 𝑝 = 0.25 sim-
ulations. We infer that at appropriate values, the harmfulness degree 𝑣
causes weak individuals to have lower payoffs from choosing defection
in interactions with strong individuals of the harmful type than from
choosing cooperation in interactions with individuals of the same sta-
tus. At this time, weak individuals, who previously defected the strong
individuals, are more likely to choose to cooperate with individuals of
equal status, thus promoting cooperation in the population.

4. Conclusions and outlooks

This study investigates the social dilemma of unequal status indi-
viduals in games. We focus on interactions between individuals with
different statuses and examine the impact of cooperation on their
outcomes. Strong individuals with higher status can benefit from coop-
erating with weaker partners, gaining popularity and a good reputation.
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Fig. 10. The cooperation frequency changes as a function of harmfulness with 𝑟 = 0.2. (a) The proportion of strong individuals is 𝑝 = 0.5. (b) 𝑝 = 0.25. (c) The population is in
an NW network. (d) The population is in a regular hexagonal lattice network. A blue curve represents the symmetric population; the population with H-type strong individuals
is green, and the population with I-type strong individuals is orange. The result is the average of 10 replicates and the most recent 100 generations of 1000 generations in each
replicate. Other parameters: 𝜆 = 0.15, 𝑐 = 1, 𝑘 = 5. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 11. The cooperation frequency changes as a function of harmfulness with 𝑟 = 0.625. (a) The proportion of strong individuals is 𝑝 = 0.5. (b) 𝑝 = 0.25. (c) The population is in
an NW network. (d) The population is in a regular hexagonal lattice network. A blue curve represents the symmetric population; the population with H-type strong individuals
is green, and the population with I-type strong individuals is orange. The result is the average of 10 replicates and the most recent 100 generations of 1000 generations in each
replicate. Other parameters: 𝜆 = 0.15, 𝑐 = 1, 𝑘 = 5. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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However, there are also egoistic individuals who harm their part-
ners’ interests when cooperating with weaker ones. To understand
this mechanism, we divide the population into harmful (H-type) and
innocuous (I-type) categories and define gain matrices for weak and
strong individuals in each category using the bimatrix method. Through
simulations, we find that strong individuals are more willing to cooper-
ate, while weak ones tend to choose defection. Asymmetric interactions
can increase cooperation when the cost-to-benefit ratio is large but
can hinder it at lower ratios. On the other hand, the harmfulness of
an appropriate and reasonable scale can increase the cooperation fre-
quency of asymmetric populations, especially when the cost-to-benefit
ratio is moderately high and strong individuals around nodes are not as
common. However, a range of harmfulness that makes the cooperation
cost too high can adversely affect cooperation. On an appropriate scale,
harmfulness 𝑣 results in weaker individuals who choose to defect in
interactions with harmful types of strong individuals having lower
payoffs than those who choose to cooperate with individuals of equal
status. At this time, weak individuals who previously cooperated with
strong ones are more likely to cooperate with individuals of equal
status, thereby promoting population cooperation. Besides, we also
verify the robustness of the model through simulation experiments on
different networks, including the NW small-world network and the
regular hexagonal lattice network.

So far, We have conducted a comprehensive study on cooperation
evolution in the SDG, particularly focusing on asymmetric interactions
among individuals of higher positions categorized as innocuous and
harmful. Previous studies have shown that asymmetric interactions sig-
nificantly improve population cooperation in SDG games. We find that
asymmetric interactions effectively promote cooperation when the pop-
ulation cost-to-benefit ratio is large but shows limited effectiveness with
smaller ratios. Damage to the gains of weaker defectors by stronger
individuals can, to the appropriate extent, promote cooperation within
the weaker group, thus boosting the frequency of cooperation in asym-
metric populations. However, this boost is restricted and more effective
in rare cases, such as high cost-to-benefit scenarios and low proportions
of strong individuals. Plus, our simulations only consider three types
of networks: two-dimensional grid network, NW small world network,
and hexagonal network. More types of networks can be applied to this
study to reflect the real social network better. In addition, Furthermore,
combining our work with network construction allows for studying
more complex scenarios. Future research aims to establish an adaptive
reward mechanism that facilitates stronger individuals’ harmful effects
in asymmetric interactions, playing a more effective role in promoting
cooperation when the population’s cost-to-benefit ratio is small, and the
frequency of asymmetric interactions is high. In addition, we observed
unsatisfactory cooperative frequencies among harmful populations at
𝑘 = 1.2. Hence, investigating how asymmetry degree 𝑘 influences
improving cooperative effects regarding harmfulness 𝑣 remains a focus
for future research.
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Appendix. Stability of equilibrium point in well-mixed population

(1) In populations containing I-type strong individuals
Below is the proof of (1) i in the model:
By making the differential equation system Eq. (12) equals to

zero, we can obtain eight equilibrium points: (0, 0), (1, 0), (0, 1), (1, 1),
(2𝑏−𝑐)𝑝−𝑐
(2𝑏−𝑐)𝑝 , 1), ( (2𝑏−2𝑘𝑏)𝑝+2𝑏𝑘−2𝑐(2𝑏−𝑐)𝑝 , 0), (1, 1+ 𝑐

(1+𝑝)(2𝑏−𝑐) ), (0,
2𝑐−2𝑏

(2𝑏−𝑐)𝑝+𝑐−2𝑏 ), which
shows that there is no internal equilibrium and only boundary equilib-
rium.

Below is the proof of (1) ii in the model:
When (𝑥, 𝑦) = (0, 0), the Jacobian at this point is:

=
(

𝑝𝑏 − 𝑐 + (1 − 𝑝)𝑘𝑏 0
0 𝑏 − 𝑐

)

, (14)

ts eigenvalues 𝜆1 = 𝑝𝑏 − 𝑐 + (1 − 𝑝)𝑘𝑏 > 0 and 𝜆2 = 𝑏 − 𝑐 > 0, the
quilibrium point is unstable.

When (𝑥, 𝑦) = (0, 1), the Jacobian at this point is:

=

(

− 1
2 𝑝𝑐 −

1
2 𝑐 + 𝑝𝑏 0

0 1
2 𝑝𝑐 +

1
2 𝑐 − 𝑝𝑏

)

, (15)

its eigenvalues 𝜆1 = − 1
2 𝑝𝑐 − 1

2 𝑐 + 𝑝𝑏 and 𝜆2 = 1
2 𝑝𝑐 + 1

2 𝑐 − 𝑝𝑏, which
cannot be less than 0 at the same time. Hence, the equilibrium point is
unstable.

When (𝑥, 𝑦) = (1, 1), the Jacobian at this point is:

=

(

1
2 𝑐 0
0 1

2 𝑐

)

, (16)

its eigenvalues 𝜆1 = 𝜆2 =
1
2 𝑐 > 0, the equilibrium point is unstable.

Below is the proof of (1) iii in the model:
When (𝑥, 𝑦) = (1, 0), the Jacobian at this point is:

=

(

− 1
2 𝑝𝑐 + 𝑐 + (𝑝 − 1)𝑘𝑏 0

0 ( 𝑐2 − 𝑏)𝑝 + 𝑏 − 𝑐

)

, (17)

its eigenvalues 𝜆1 = −𝑝𝑐∕2 + 𝑐 + (𝑝 − 1)𝑘𝑏 and 𝜆2 = (𝑐∕2 − 𝑏)𝑝 + 𝑏 − 𝑐
are both smaller than 0 when 𝑏−𝑐

𝑏−𝑐∕2 ≤ 𝑝 ≤ 𝑘𝑏−𝑐
𝑘𝑏−𝑐∕2 is satisfied. And the

equilibrium point (1, 0) is now asymptotically stable.
Below is the proof of (1) iv in the model:
When (𝑥, 𝑦) = ( (2𝑏−𝑐)𝑝−𝑐(2𝑏−𝑐)𝑝 , 1), the Jacobian at this point is:

𝐽 =

(

(𝑐2−2𝑏𝑐)𝑝+𝑐2
(4𝑏−2𝑐)𝑝 𝑎12

0 0

)

, (18)

where, 𝑎12 = ((𝑐3 − 2𝑏𝑐2 − 2𝑏𝑐2𝑘 + 4𝑏2𝑐𝑘)𝑝2 + (−4𝑛𝑏2𝑐 + 2𝑏𝑐2)𝑝 − 𝑐3 +
2𝑏𝑘𝑐2)∕((8𝑏2 − 8𝑏𝑐 + 2𝑐2)𝑝2). Its eigenvalues 𝜆1 =

𝑐2𝑝+𝑐2−2𝑏𝑐𝑝
4𝑏𝑝−2𝑐𝑝 and 𝜆2 = 0.

When 𝑝 > 𝑐
2𝑏−𝑐 , the equilibrium point exists, but 𝜆2 = 0. Therefore, the

equilibrium point is unstable.
Below is the proof of (1) v in the model:
When ( (2𝑏−2𝑘𝑏)𝑝+2𝑏𝑘−2𝑐(2𝑏−𝑐)𝑝 , 0), the Jacobian at this point is:

𝐽 =
(

𝑎11 𝑎12
0 (𝑏𝑘 − 𝑏)𝑝 + 𝑏 − 𝑏𝑘

)

, (19)

where, 𝑎11 = ((2𝑏2𝑘2 − 2𝑏2𝑘− 𝑐𝑏𝑘+ 𝑐𝑏)𝑝2 + (−4𝑏2𝑘2 + 2𝑏2𝑘+ 5𝑏𝑐𝑘− 2𝑏𝑐 −
2 2 2 2
𝑐 )𝑝+2𝑏 𝑘 −4𝑏𝑐𝑘+2𝑐 )∕((2𝑏−𝑐)𝑝), 𝑎12 = (((2𝑐−2𝑏𝑘−2𝑏𝑝+2𝑏𝑘𝑝)∕(2𝑏𝑝−
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𝑐𝑝) + 1)((𝑐(𝑝 − 1))∕2 − 𝑏𝑘(𝑝 − 1))(2𝑐 − 2𝑏𝑘 − 2𝑏𝑝 + 2𝑏𝑘𝑝))∕(2𝑏𝑝 − 𝑐𝑝). Its
igenvalues 𝜆1 = −(−2𝑏2𝑘2𝑝2 +4𝑏2𝑘2𝑝−2𝑏2𝑘2 +2𝑏2𝑘𝑝2 −2𝑏2𝑘𝑝+ 𝑏𝑐𝑘𝑝2 −
5𝑏𝑐𝑘𝑝+4𝑏𝑐𝑘−𝑏𝑐𝑝2+2𝑏𝑐𝑝+𝑐2𝑝−2𝑐2)∕(2𝑏𝑝−𝑐𝑝) and 𝜆2 = (𝑏𝑘−𝑏)𝑝+𝑏−𝑏𝑘 are
both smaller than 0 when 𝑝 > 𝑘𝑏−𝑐

𝑘𝑏−𝑐∕2 is satisfied. And the equilibrium
point ( (2𝑏−2𝑘𝑏)𝑝+2𝑏𝑘−2𝑐(2𝑏−𝑐)𝑝 , 0) is asymptotically stable at this time.

Below is the proof of (1) vi in the model:
When (𝑥, 𝑦) = (1, 1 + 𝑐

(1+𝑝)(2𝑏−𝑐) ), the Jacobian at this point is:

𝐽 =
⎛

⎜

⎜

⎝

𝑏𝑐(1−𝑘)
2𝑏−𝑐 0

(2𝑏𝑐−𝑐2)𝑝2+2𝑝𝑐(𝑐−𝑏)
2𝑝2(2𝑏−𝑐)+4𝑝(𝑐−2𝑏)+4𝑏−2𝑐

(𝑐2−2𝑏𝑐)𝑝−2𝑐2+2𝑏𝑐
(4𝑏−2𝑐)𝑝+2𝑐−4𝑏

⎞

⎟

⎟

⎠

, (20)

its eigenvalues 𝜆1 = 𝑏𝑐(1−𝑘)
2𝑏−𝑐 and 𝜆2 = −2𝑏−𝑐2𝑝+2𝑐2+2𝑏𝑐𝑝

4𝑏−2𝑐−4𝑏𝑝+2𝑝𝑐 are both smaller
than 0 when 𝑝 < 𝑏−𝑐

𝑏−𝑐∕2 is satisfied. And the equilibrium point (1, 1 +
𝑐

(1+𝑝)(2𝑏−𝑐) ) is asymptotically stable at this time.
Below is the proof of (1) vii in the model:
When (𝑥, 𝑦) = (0, 2𝑐−2𝑏

(2𝑏−𝑐)𝑝+𝑐−2𝑏 ), the Jacobian at this point is:

=
⎛

⎜

⎜

⎝

(2𝑏−2𝑏𝑘−𝑐+𝑐𝑘)𝑝+𝑐𝑘−𝑐
2−𝑐∕𝑏 0

(2𝑏2−3𝑏𝑐+𝑐2)𝑝2+(𝑐2−𝑏𝑐)𝑝
(2𝑏−𝑐)𝑝2+(2𝑐−4𝑏)𝑝+2𝑏−𝑐

(−2𝑏2+3𝑏𝑐−𝑐2)𝑝−𝑐2+𝑏𝑐
(2𝑏−𝑐)𝑝+𝑐−2𝑏

⎞

⎟

⎟

⎠

, (21)

ts eigenvalues 𝜆1 = 2𝑏2𝑝−𝑏𝑐+𝑝𝑐2+𝑐2−3𝑏𝑐𝑝
2𝑏−𝑐−2𝑏𝑝+𝑝𝑐 and 𝜆2 = (2𝑏−2𝑏𝑘−𝑐+𝑐𝑘)𝑝+𝑐𝑘−𝑐

2−𝑐∕𝑏 ,
annot be less than 0 at the same time. Thus, the equilibrium point
s unstable.

Thus, the results (1) in the model follow.
(2) In populations containing H-type strong individuals
Below is the proof of (2) i in the model:
By making the differential equation system Eq. (12) equals to

ero, we can obtain eight equilibrium points: (0, 0), (1, 0), (0, 1), (1, 1),
( (2𝑏−𝑐)𝑝−𝑐(2𝑏−𝑐)𝑝 , 1), ( (2𝑏−2𝑘𝑏)𝑝+2𝑏𝑘−2𝑐(2𝑏−𝑐)𝑝 , 0), (1, 1 + 𝑐

(1+𝑝)(2𝑏−𝑐) ), (0, 2𝑏−2𝑐−2𝑏𝑝+2𝑏𝑝𝑣2𝑏−𝑐−2𝑏𝑝+𝑐𝑝 ),

hich shows that there is no internal equilibrium and only boundary
quilibrium.

Below is the proof of (2) ii in the model:
When (𝑥, 𝑦) = (0, 0), the Jacobian at this point is:

=
(

𝑝𝑏 − 𝑐 + (1 − 𝑝)𝑘𝑏 0
0 𝑏𝑝(𝑣 − 1) + 𝑏 − 𝑐

)

, (22)

ts eigenvalues 𝜆1 = 𝑝𝑏− 𝑐 + (1 − 𝑝)𝑘𝑏 > 0 and 𝜆2 = 𝑏𝑝(𝑣− 1) + 𝑏− 𝑐, the
quilibrium point is unstable.

When (𝑥, 𝑦) = (0, 1), the Jacobian at this point is:

=

(

− 1
2 𝑝𝑐 −

1
2 𝑐 + 𝑝𝑏 0

0 𝑐
2 + 𝑐𝑝

2 − 𝑏𝑝𝑣

)

. (23)

ts eigenvalues 𝜆1 = −𝑝𝑐∕2 − 𝑐∕2 + 𝑝𝑏 and 𝜆2 = 𝑐∕2 + 𝑐𝑝∕2 − 𝑏𝑝𝑣, which
annot be less than 0 at the same time. Hence, the equilibrium point is
nstable.

When (𝑥, 𝑦) = (1, 1), the Jacobian at this point is:

=

(

1
2 𝑐 0
0 1

2 𝑐

)

. (24)

ts eigenvalues 𝜆1 = 𝜆2 = 𝑐∕2 > 0, the equilibrium point is unstable.
Below is the proof of (2) iii in the model:
When (𝑥, 𝑦) = (1, 0), the Jacobian at this point is:

=

(

− 1
2 𝑝𝑐 + 𝑐 + (𝑝 − 1)𝑘𝑏 0

0 ( 𝑐2 − 𝑏)𝑝 + 𝑏 − 𝑐

)

, (25)

its eigenvalues 𝜆1 = − 1
2 𝑝𝑐+𝑐+(𝑝−1)𝑘𝑏 and 𝜆2 = ( 𝑐2 −𝑏)𝑝+𝑏−𝑐 are both

maller than 0 when 𝑏−𝑐
𝑏−𝑐∕2 ≤ 𝑝 ≤ 𝑘𝑏−𝑐

𝑘𝑏−𝑐∕2 is satisfied. And the equilibrium
oint (1, 0) is now asymptotically stable.

Below is the proof of (2) iv in the model:
When (𝑥, 𝑦) = ( (2𝑏−𝑐)𝑝−𝑐(2𝑏−𝑐)𝑝 , 1), the Jacobian at this point is:

𝐽 =

(

(𝑐2−2𝑏𝑐)𝑝+𝑐2
(4𝑏−2𝑐)𝑝 𝑎12

)

, (26)
12

0 0
where, 𝑎12 = ((𝑐3 − 2𝑏𝑐2 − 2𝑏𝑐2𝑘 + 4𝑏2𝑐𝑘)𝑝2 + (−4𝑛𝑏2𝑐 + 2𝑏𝑐2)𝑝 − 𝑐3 +
2𝑏𝑘𝑐2)∕((8𝑏2 − 8𝑏𝑐 + 2𝑐2)𝑝2). Its eigenvalues 𝜆1 =

𝑐2𝑝+𝑐2−2𝑏𝑐𝑝
4𝑏𝑝−2𝑐𝑝 and 𝜆2 = 0.

When 𝑝 > 𝑐
2𝑏−𝑐 , the equilibrium point exists, but 𝜆 = 0. Therefore, the

equilibrium point is unstable.
Below is the proof of (2) v in the model:
When ( (2𝑏−2𝑘𝑏)𝑝+2𝑏𝑘−2𝑐(2𝑏−𝑐)𝑝 , 0), the Jacobian at this point is:

𝐽 =
(

𝑎11 𝑎12
0 (𝑏𝑘 − 𝑏)𝑝 + 𝑏 − 𝑏𝑘

)

, (27)

where, 𝑎11 = ((2𝑏2𝑘2 − 2𝑏2𝑘− 𝑐𝑏𝑘+ 𝑐𝑏)𝑝2 + (−4𝑏2𝑘2 + 2𝑏2𝑘+ 5𝑏𝑐𝑘− 2𝑏𝑐 −
𝑐2)𝑝+2𝑏2𝑘2−4𝑏𝑐𝑘+2𝑐2)∕((2𝑏−𝑐)𝑝), 𝑎12 = (((2𝑐−2𝑏𝑘−2𝑏𝑝+2𝑏𝑘𝑝)∕(2𝑏𝑝−
𝑐𝑝) + 1)((𝑐(𝑝 − 1))∕2 − 𝑏𝑘(𝑝 − 1))(2𝑐 − 2𝑏𝑘 − 2𝑏𝑝 + 2𝑏𝑘𝑝))∕(2𝑏𝑝 − 𝑐𝑝). Its
eigenvalues 𝜆1 = −(−2𝑏2𝑘2𝑝2 +4𝑏2𝑘2𝑝−2𝑏2𝑘2 +2𝑏2𝑘𝑝2 −2𝑏2𝑘𝑝+ 𝑏𝑐𝑘𝑝2 −
5𝑏𝑐𝑘𝑝+4𝑏𝑐𝑘−𝑏𝑐𝑝2+2𝑏𝑐𝑝+𝑐2𝑝−2𝑐2)∕(2𝑏𝑝−𝑐𝑝) and 𝜆2 = (𝑏𝑘−𝑏)𝑝+𝑏−𝑏𝑘 are
both smaller than 0 when 𝑝 > 𝑘𝑏−𝑐

𝑘𝑏−𝑐∕2 is satisfied. And the equilibrium
point ( (2𝑏−2𝑘𝑏)𝑝+2𝑏𝑘−2𝑐(2𝑏−𝑐)𝑝 , 0) is asymptotically stable at this time.

Below is the proof of (2) vi in the model:
When (𝑥, 𝑦) = (1, 1 + 𝑐

(1+𝑝)(2𝑏−𝑐) ), the Jacobian at this point is:

𝐽 =
⎛

⎜

⎜

⎝

𝑏𝑐(1−𝑘)
2𝑏−𝑐 0

(2𝑏𝑐−𝑐2)𝑝2+2𝑝𝑐(𝑐−𝑏)
2𝑝2(2𝑏−𝑐)+4𝑝(𝑐−2𝑏)+4𝑏−2𝑐

(𝐶2−2𝑏𝑐)𝑝−2𝑐2+2𝑏𝑐
(4𝑏−2𝑐)𝑝+2𝑐−4𝑏

⎞

⎟

⎟

⎠

, (28)

its eigenvalues 𝜆1 = 𝑏𝑐(1−𝑘)
2𝑏−𝑐 and 𝜆2 = −2𝑏−𝑐2𝑝+2𝑐2+2𝑏𝑐𝑝

4𝑏−2𝑐−4𝑏𝑝+2𝑝𝑐 are both smaller
than 0 when 𝑝 < 𝑏−𝑐

𝑏−𝑐∕2 is satisfied. And the equilibrium point (1, 1 +
𝑐

(1+𝑝)(2𝑏−𝑐) ) is asymptotically stable at this time.
Below is the proof of (2) vii in the model:
When (𝑥, 𝑦) = (0, 2𝑏−2𝑐−2𝑏𝑝+2𝑏𝑝𝑣2𝑏−𝑐−2𝑏𝑝+𝑐𝑝 ), the Jacobian at this point is:

𝐽 =
(

𝑎11 0
𝑎21 𝑎22

)

, (29)

where, 𝑎11 = 𝑝(𝑏−𝑐)−(𝑝−1)(((2𝑏−2𝑐−2𝑏𝑝+2𝑏𝑝𝑣)∕(2𝑏−𝑐−2𝑏𝑝+𝑐𝑝)−1)(𝑐−
𝑏𝑘)−((𝑐∕2−𝑏𝑘)(2𝑏−2𝑐−2𝑏𝑝+2𝑏𝑝𝑣))∕(2𝑏−𝑐−2𝑏𝑝+𝑐𝑝))+(𝑏𝑘(𝑝−1)(2𝑏−2𝑐−
2𝑏𝑝+2𝑏𝑝𝑣))∕(2𝑏−𝑐−2𝑏𝑝+𝑐𝑝), 𝑎21 = (((2𝑏−2𝑐−2𝑏𝑝+2𝑏𝑝𝑣)∕(2𝑏−𝑐−2𝑏𝑝+
𝑐𝑝)−1)(𝑝(𝑐∕2−𝑏𝑣)−𝑝(𝑐−𝑏𝑣)+𝑏𝑝𝑣)(2𝑏−2𝑐−2𝑏𝑝+2𝑏𝑝𝑣))∕(2𝑏−𝑐−2𝑏𝑝+𝑐𝑝),
𝑎22 = ((2𝑏−2𝑐 −2𝑏𝑝+2𝑏𝑝𝑣)∕(2𝑏− 𝑐 −2𝑏𝑝+ 𝑐𝑝) − 1)(𝑝(𝑐 − 𝑏𝑣) − ((2𝑏−2𝑐 −
2𝑏𝑝+2𝑏𝑝𝑣)∕(2𝑏− 𝑐−2𝑏𝑝+ 𝑐𝑝) − 1)(𝑏− 𝑐)(𝑝−1)+ ((𝑏− 𝑐∕2)(𝑝−1)(2𝑏−2𝑐−
2𝑏𝑝+ 2𝑏𝑝𝑣))∕(2𝑏− 𝑐 − 2𝑏𝑝+ 𝑐𝑝) − (𝑏(𝑝− 1)(2𝑏− 2𝑐 − 2𝑏𝑝+ 2𝑏𝑝𝑣))∕(2𝑏− 𝑐 −
𝑏𝑝+ 𝑐𝑝)) + ((𝑝(𝑐 − 𝑏𝑣) − ((2𝑏−2𝑐 −2𝑏𝑝+2𝑏𝑝𝑣)∕(2𝑏− 𝑐 −2𝑏𝑝+ 𝑐𝑝) − 1)(𝑏−
)(𝑝−1)+ ((𝑏− 𝑐∕2)(𝑝−1)(2𝑏−2𝑐−2𝑏𝑝+2𝑏𝑝𝑣))∕(2𝑏− 𝑐−2𝑏𝑝+ 𝑐𝑝)− (𝑏(𝑝−
)(2𝑏 − 2𝑐 − 2𝑏𝑝 + 2𝑏𝑝𝑣))∕(2𝑏 − 𝑐 − 2𝑏𝑝 + 𝑐𝑝))(2𝑏 − 2𝑐 − 2𝑏𝑝 + 2𝑏𝑝𝑣))∕(2𝑏 −
−2𝑏𝑝+ 𝑐𝑝)− (((2𝑏−2𝑐−2𝑏𝑝+2𝑏𝑝𝑣)∕(2𝑏− 𝑐−2𝑏𝑝+ 𝑐𝑝)−1)(𝑏(𝑝−1)+ (𝑏−
)(𝑝 − 1) − (𝑏 − 𝑐∕2)(𝑝 − 1))(2𝑏 − 2𝑐 − 2𝑏𝑝 + 2𝑏𝑝𝑣))∕(2𝑏 − 𝑐 − 2𝑏𝑝 + 𝑐𝑝). Its
igenvalues 𝜆1 = (2𝑏2𝑝− 𝑏𝑐 + 𝑏𝑐𝑛− 2𝑏𝑐𝑝+ 𝑏𝑐𝑛𝑝+ 𝑏𝑐𝑝𝑣− 2𝑏2𝑛𝑝𝑣)∕(2𝑏− 𝑐)
nd 𝜆2 = (2𝑏2𝑝2𝑣2 − 2𝑏2𝑝2𝑣 + 2𝑏2𝑝𝑣 − 𝑏𝑐𝑝2𝑣 + 𝑏𝑐𝑝2 − 3𝑏𝑐𝑝𝑣 − 𝑏𝑐 + 𝑐2𝑝 +
2)∕(2𝑏−𝑐−2𝑏𝑝+𝑐𝑝), cannot be less than 0 at the same time. Therefore,
he equilibrium point is unstable.

Thus, the results (2) in the model follow.
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