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Keywords: As a social welfare, pension insurance has provided a great assistance to retiree in maintaining
Cooperation their livelihoods. In order to reward the contributions made by cooperators, an additional pension
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income is provided to them. In this paper, we study a public goods game based on the pension
system on population structure, in which only cooperators can purchase pension insurance and
receive pension benefits upon meeting specified conditions. In the simulation, we demonstrate the
evolution of cooperation frequency over time and investigate the influence of insurance premium,
pension baseline, the number of defected neighbors of cooperators, and the enhancement factor
on the cooperation frequency. Additionally, we examine the impact of the pension system on
cooperative behavior in triangular and hexagonal networks. Our results suggest that in the public
goods game on networked structure, the pension system not only fails to promote cooperation but
actually inhibits it, even when cooperators do not have to pay any costs and can receive pensions
when conditions are met.

1. Introduction

Cooperative behavior is widely present in both the natural world and human society, spanning across disciplines such as biology
[11, anthropology [2], sociology [3], and economics [4,5]. However, according to Darwin’s principle of natural selection, individuals
typically exhibit selfish tendencies, and rational individuals often make decisions that maximize their own self-interest. Therefore, in
the face of conflicts between individual interests and collective interests, cooperation is threatened, leading to the emergence of social
dilemmas. The question of how cooperation emerges spontaneously from selfish individuals has attracted widespread attention from
researchers in the field of physics [6,7]. Understanding the collaborative relationships among individual interests holds tremendous
significance in unraveling the dynamics of society, economics, and other domains. Evolutionary game theory provides a powerful
theoretical framework for studying cooperative behavior among selfish individuals [8]. Various game models have been utilized in
evolutionary game theory to study the evolution and emergence of cooperation [9,10], such as the prisoner’s dilemma game (PDG)
[11], weak prisoner’s dilemma game (WPD) [12,13], snowdrift game (SDG) [14], and public goods game (PGG) [15]. Among them,
public goods games have received widespread attention. PGG is a multiplayer game where participants contribute funds to a common
pool, and the returns obtained are divided equally among all players. However, defectors can also benefit from the common pool
without incurring any costs. Individuals may tend to overuse or overconsume public goods because they can enjoy the benefits that
others contribute without bearing the corresponding costs. This behavior is referred to as the ‘free-rider’ phenomenon.
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To address this social dilemma, many solutions have been proposed one after another. Nowak and May were the first to introduce
spatial structure into the prisoner’s dilemma, aiming to study the impact of network structure on collective cooperation behavior
[16]. Research has found that network topology contributes to the formation of compact clusters of cooperators, which plays a crucial
role in enabling cooperators to resist the invasion of defectors and promotes cooperation. Since then, significant efforts have been
made to explore evolutionary game models within various complex network topologies [17], such as small-world networks [18,19]
and scale-free networks [17,20]. In 2006, Nowak summarized five mechanisms that can promote the emergence of cooperation: kin
selection, direct reciprocity, indirect reciprocity, network reciprocity, and group selection [21]. With the continuous development of
evolutionary game theory, numerous mechanisms have been proposed to explain the evolution of cooperation, including emotions
[22], reward [23], reputation [24-26], punishment [27], and heterogeneity [28]. Furthermore, in recent years, there have been
numerous networks commonly used to describe and analyze the relationships and interactions in complex systems. Due to the fact
that social interactions in practice are often composed of ever-changing and fleeting interactions [29], an increasing number of
scholars have found that temporal networks can promote the evolution of cooperation. Many complex systems are regarded as a
network of numerous networks. An event in one network may affect individuals in another network, such structure is referred
to as a multilayer network [30]. In reality, individuals typically interact within groups and participate in multiple groups [31],
hypergraphs are used to describe this higher-order interaction. Many scholars have combined above mechanisms to conduct research
on evolutionary dynamics. Li et al. constructed a novel resource-based conditional interaction model from a tiny perspective [32] and
proposed a novel game model with heterogeneously stochastic interactions [33]. Hiibner et al. explored the impact of heterogeneities
on the evolution of reciprocal cooperation in groups of arbitrary size [34].

Insurance could play a significant role in facilitating contribution to provision of public goods [35]. Insurance can address these
losses by providing financial protection after a disaster and incentivizing people to invest in cost-effective mitigation measures.
By aiding households and businesses in managing risks, insurance has become an emerging and vital tool in the socio-economic
sphere. The practice of combining insurance with risk management to reduce and control risks has long been seen in property and
casualty insurance [36]. For example, Du et al. studied how insurance compensation mechanism affects individuals’ decision-making
under risk environments [35], Zhang et al. extended the common binary-strategy combination of cooperation and defection by
adding a third strategy, called insured cooperation [37]. The German pension system is referred to as “retirement insurance”. In
the past, workers often understood their contributions as “insurance premiums” [38]. Pension, as one of the primary forms of social
retirement insurance benefits. When workers reach old age or become incapable of working, insurance benefits are provided in the
form of monthly or lump-sum payments in recognition of their contributions to society and their eligibility or retirement conditions
for enjoying retirement insurance. This is a societal necessity that primarily aims to ensure the basic living needs of employees after
retirement. Pensions are accumulated and operated based on the principles of joint accumulation by the state, collective entities, and
individuals. When people are in their prime and have strong capabilities, a portion of the wealth they create is invested in pension
systems to ensure financial security in their old age. Pension plans are an important incentive mechanism in labor relations, which
affect employees’ level of work effort and retirement age [39]. In the public goods games, the cooperators who voluntarily bear
the cost of contribution make contributions to the group. Therefore, when a cooperators’ labor capacity diminishes, it is reasonable
to provide them with certain safeguards. In defined benefit plans, employees’ pension benefits are determined by a formula that
takes into account the number of years of service to the employer and, in most cases, also considers salary or wages. Many defined
benefit formulas also take into account the social security benefits that employees are entitled to receive. These are referred to as
“integrated” plans [40].

However, if the disaster does not occur, the insurance premiums paid by the policyholder become a burden [41]. The insurance
and compensation systems aim to protect property owners from bearing the full burden of living costs and financial losses [42]. With
the aging population, the proportion of young workforce is decreasing while the proportion of elderly individuals is increasing. This
has led to a deficit in pension funds, causing many countries to face a pension gap. The aging population has placed enormous pressure
on the public pension system [43]. As a result, many countries are considering (or have already implemented) pension reforms that
involve reducing retirement benefits or increasing the statutory retirement age [44]. The establishment of a pension system does not
necessarily guarantee the protection of everyone’s rights and interests. Workers who rely on pensions for their retirement may still
face certain risks. Once the policies and conditions for pension disbursement undergo even slight changes, many workers who rely on
pensions for their retirement will be affected. When cooperators voluntarily assume the responsibility of contributing to benefit other
individuals in the network, the pension insurance system provides protection for cooperators who experience suboptimal returns,
reducing their losses. Intuitively, this system of protecting the benefits of cooperators should facilitate the evolution of cooperation
in the network. There is less research on retirement insurance in public goods games. Therefore, we apply a pension system called
defined benefit plan to the public goods game to study the impact of this system on the evolution of cooperation. Therefore, we
choose the number of defected neighbors as the condition for receiving the pension. Based on this, we employ Fermi formula as the
updating rule. To study the influence of network degree on evolution, we conduct simulations on square lattice network, triangular
network, and hexagonal network. Additionally, we investigate the relationships between the benefit enhancement factor, insurance
premium, pension baseline, the number of defected neighbors around cooperators, and the cooperation frequency. Besides, we also
verify the robustness of the model.

The following content is divided into three parts. In section 2, we introduce our model. In section 3, we describe and analyze the
simulation results with different parameters and network types. In section 4, we summarize our study and provide outlooks.
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Fig. 1. Calculation of individuals’ payoffs in each step. The blue nodes represent cooperators, while the red nodes represent defectors. Besides, the edges manifest
the game relationships between the nodes, individuals circled by dotted line are members of a game group. The variable K, denotes the number of defected neighbors
around cooperator, IT- represents the cooperator’s payoff, and M manifests the conditions for receiving pension. The timeline from 7 — 1 to ¢ denotes a single-step
evolutionary process, and the payoffs of participant i under different K s are obtained according to Eq. (2).

2. Model

As mentioned above, in our model, when cooperators voluntarily assume the responsibility of contributing to benefit other
individuals in the network, the pension insurance system provides protection for cooperators who experience suboptimal returns,
reducing their losses. We establish a system for cooperators to receive pension benefits, and we have made modifications to the PGG
without pension systems to make the model as realistic as possible.

Concretely, we introduce a mechanism called the social security retirement benefits system, whose mechanism provides an
additional pension benefit to cooperators as a reward for their contributions. The cooperators purchase pension insurance during
their prime years, allocating an additional cost of a as insurance premiums for purchasing the pension insurance. Based on the
previous contributions made by the cooperators to the team, specifically the proportion of cooperative actions taken throughout the
entire game process, it is determined as T- /T, T /T can be used as a reference for years of service. We define T /T to indicate
the length of service, and individuals with longer length of service can receive more pensions. The national pension baseline 4 is
determined by the local government, and the value of u always varies with the region.

The labor level of cooperators can be reflected by corresponding benefits. Based on the definition of PGG, we easily learn that the
number of defected neighbors can directly impact the benefits of cooperators. Therefore, the number of defected neighbors serves
as an indicator of the cooperator’s labor intensity. A higher number of defected neighbors indicates lower benefits and weaker labor
intensity for the cooperator, while a lower number indicates the opposite. The level of labor can be represented by the number of
defected neighbors, which serves as the criterion for receiving pension benefits. We use K, to represent the number of defected
neighbors around a cooperator, while M is the eligibility criterion for receiving pension. Only when K, reaches the eligibility
criterion, that is, when the value of K}, is greater than or equal to M, can the cooperators receive the pension. The calculation
formula for K, is shown as

Kp=)'s, @
JEQ;
where Q indicates the neighbors of player i and .S; denotes the strategy of neighbor j. The strategy of player i is denoted by S; = §,
where g € {0,1}. If S; =0, means that individual i chooses to be a cooperator; Otherwise, if .S; = 1, means that individual i chooses
to be a defector.

We consider a population of size N playing public goods game: all individuals are located on an L X L square lattice with periodic
boundary conditions. At the beginning, individuals are randomly assigned as either cooperators or defectors with equal probabilities,
and the strategy updating of the population is synchronous. Each individual has G — 1 nearest neighbors, and it interacts with the
G — 1 neighbors. In each step, every individual engages in G times of games, including one round centered around itself, and G — 1
rounds centered around its corresponding neighbors. In general, there are two strategies in PGG, including cooperation (C) and
defection (D). Cooperators contribute a certain amount of resources to the common pool, while defectors donate nothing. The total
sum of resources contributed by all players will be multiplied by an enhancement factor r, where r > 1. The amplified investment
will be evenly distributed among every individual in the population, regardless of their contribution value.

In the public goods game, cooperators will invest their pension premium « into their account. We define 7, to record the number
of times individual i cooperates, while T is the number of rounds played in the game so far. The more times individual i cooperates,
the longer their length of service, and the more the retirement fund they will receive. Additionally, I1 represents the average payoff
of all players in the previous round of the game and u (0 < u < 1) is the proportion of retirement benefits that can be received in
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the average payoff. The contribution made by cooperators to the public pool is denoted as c. After the cooperator’s labor capacity
diminishes to a certain extent, the final pension they receive is calculated by multiplying the local average wage I1, the local pension
baseline ;1 and T-/T . Thus, the payoff I1- and II;, of player i can be given as

- {rc—gc—c—a, Kp<M @
€= reNe _ .1y
e c+T/4H, Kp>M

and

Ny _rcNC @)
D=

After receiving their payoffs, the players update their strategies for the next round through imitation. In each step, individual i
randomly selects a neighbor j and compares their payoffs for the current round. Individual i adopts the strategy of neighbor j for
the next round with the probability based on the Fermi function

1
1+ expl(IT; = 1) /x]’

P(S; < S))= 4
where II; and II; represent the payoffs of players i and j for the current round, while x describes the environmental noise factor,
reflecting the uncertainty of individuals in strategy updating.

Fig. 1 shows an example of our model. This figure illustrates the pension distribution mechanism during the process of evolution-
ary updates. When the condition for receiving a pension is M = 3, player i can only receive the pension for the current round if the
number of defected neighbors around player i is greater than or equal to 3, and if player i’s strategy for this round is cooperation. At
time ¢ — 1, the number of defected neighbors for player i is 2, so the payoff for player i in this round is reNe _ o a; while the next
step, the number of defected neighbors around player i is 3, which is equal to M. Therefore, the payoff for player i in this round is
reNe Te 1

—ct o ull.

In short, we introduced the PGG model, then described the calculation of cooperators’ payoffs after introducing the pension
system, and presented the strategy updating rules used in this paper. In the next section, we will illustrate the simulation methods
and present our results.

3. Simulation and results

In this section, we demonstrate the simulation method and the results of it. We investigate the effect of insurance premium « and
pension baseline u on the frequency of cooperation. Besides, we analyze the evolution of cooperation on different types of network
structures and verified the robustness of our model. At the start of each simulation, there are 2500 individuals in the population
structure. Each individual has an equal probability to be a defector or a cooperator in the initial state. Then, in each Monte Carlo
step, all players randomly select a neighbor to compare their payoffs and, with a probability P (given in Eq. (3)), decide whether
to learn the strategy of that neighbor. We perform 500 steps in each simulation on the square-lattice network, which is sufficient to
allow the network to evolve to a stable state, each result is the average of over 10 simulations to ensure accuracy. For simplicity, we
set k =0.1.

3.1. Effect of insurance premium on the cooperation frequency

We analyze the changes in the proportion of cooperation under different as, from Fig. 2(a), we find that the cooperation frequency

f. increases with the enhancement factor r and decreases with an increase in the insurance premium «. ‘Tradition’ in the legend
reNe
G

cooperators and Il = N for defectors. When a = 0, it means that players do not need to contribute to purchasing insurance but
can still receive pension benefits if certain conditions are met. From Fig. 2(a), it can be seen that only when the insurance premium
a =0 in the range of r between 3.7 and 4.8, and when @ =0.1 and r =4.7, f, under the pension insurance system can be slightly
higher than the f, under the model without pension systems. However, after r exceeds 4.8, f, in the public goods game without
pension systems is higher than the f, under all pension insurance systems until r is sufficiently large to make f, = 1. From the curves
corresponding to different a values in the graph, we find that the cooperation frequency can be increased by reducing the insurance
premium. However, it still cannot surpass the cooperation frequency in the game without pension systems.

The payoff configuration in the evolutionary dynamics is essential in networked population as well. Fig. 2(b) illustrates the
average payoff of the entire system as a function of r under different insurance premiums «. The results indicate that compared
to the public goods games without pension systems, the model suppresses the average payoff level of the entire society. Under the
pension insurance system, the average payoff decreases with an increase in the insurance premium «. It is also noteworthy that when
comparing Figs. 2(a) and 2(b), f,. and average payoff exhibit almost the same changing trend. In other words, the changes in average
payoff align with the changes in cooperation frequency. The lower the f,, the less overall societal earnings are obtained.

As mentioned previously, different conditions for receiving pension benefits also affect cooperative behavior. In order to observe
the impact of different conditions for receiving benefits on player’s cooperative behavior in a steady state, Figs. 2(c) and 2(d) depict
the relationship between f, and the enhancement factor r under different insurance premiums «, with the conditions for receiving

— ¢ for

denotes public goods games without pension systems. In this case, « = 0 and y =0, resulting in a payoff of I, =
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Fig. 2. Cooperation frequency and average payoff against enhancement factor. The game is played on a 50 X 50 square lattice. In the four subplots, we set the
insurance premium « to be 0, 0.1, 0.3, 0.5, 0.7, and 0.9, the pension baseline y = 0.1. The conditions for receiving the pension in Figs. 2(a), (c) and (d) are M =2,3,4,
respectively. Setting the evolution time ¢ = 500, we obtain the cooperation frequency by averaging the proportion of cooperators over the last 100 rounds. Each
data point is averaged using 10 independent repeated simulations of cooperation frequencies. Figs. 2(a), (c), and (d) display the relationship between cooperation
frequency and enhancement factor r in the square lattice under different insurance premiums. The x-axis represents the enhancement factor, and the y-axis represents
the cooperation frequency. Each x-axis range is set to [3.5,6.5], and each y-axis range is set to [0, 1]. Fig. 2(b) displays the relationship between average payoff and
enhancement factor r in the square lattice under different insurance premiums. The x-axis represents the enhancement factor, and the y-axis represents the average
payoffs. Each x-axis range is set to [3.5,6.5], and each y-axis range is set to [0,30]. We observe the network until # = 500 to make the cooperation frequency approach

stability.
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Fig. 3. Cooperation frequency and insurance premium against enhancement factor. The heatmap displays the cooperation frequency based on the insurance
premium « and the enhancement factor r. The transition from blue to red represents f, from 0 to 1. The x-axis manifests the enhancement factor, and the y-axis
manifests the insurance premium. Each x-axis range is set to [3.5,6.5], and each y-axis range is set to [0, 1]. The condition for receiving the pension M =2.
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Fig. 4. Cooperation frequency against evolution time. The game is played on a 50 X 50 square lattice. Conditions for receiving the pension in Figs. 4(a), (b) and (c)
are M =2,3,4 respectively. To achieve more pronounced effects, the « for Fig. 4(a) is 0.3, with r = 5. For Figs. 4(b) and (c), we set « =0.1 and r = 5. The parameter
u is set to [0,0.1,0.15,0.2, 1]. Figs. 4(a), (b), and (c) all display the relationship between f, and evolution time. The x-axis manifests time, and the y-axis manifests
the f,. Each x-axis range is set to [0,500], and each y-axis range is set to [0, 1]. We observe each network until r =500 to allow the cooperation frequency to approach
stability.

the pension M being 3 and 4, respectively. Stringent conditions for receiving pension benefits do not necessarily lead to a more
pronounced inhibition of cooperation. Comparing Figs. 2(c) and 2(d), we can see that when « is less than or equal to 0.5, the density
of cooperators is significantly higher under the condition of M being 4 compared to when it is 3. Even at « = 0.1, when r exceeds
5.2, f, under the condition of M being 4 approaches 1, which is not achieved under the stricter conditions of M =2 and 3. This
result indicates that stricter conditions for receiving pension benefits do not necessarily inhibit cooperation more. When « is small,
flexible conditions suppress cooperation more than strict conditions.

To explore the combined effects of different as and rs on the final cooperation frequency, the results are presented in Fig. 3, which
illustrates the joint effect of the enhancement factor r and insurance premium a. For a = 0, defectors dominate the entire system
when r < 3.9. When r > 3.9, cooperation and defection coexist, and eventually, with the increase in r, cooperators take over the entire
network. When r is fixed, as a increases, cooperation gradually disappears unless r is sufficiently large to allow its reappearance.
Conversely, even with a small r, cooperation can emerge with a decrease in the insurance premium a. After r exceeds 5.8, regardless
of the value of a, the situation of pure defectors in the population disappears, and cooperators begin to emerge. As r increases, f,
increases to around 0.7 eventually. However, when a exceeds 0.1, the population is unable to form a state of pure cooperators. In
summary, f, increases with an increase in the enhancement factor r and a decrease in the insurance premium a.

3.2. Effect of pension baseline on the cooperation frequency

We analyze the changes in f, under different pension baseline values ¢ and discuss the impact of 4 on the cooperation frequency.
The results, as shown in Fig. 4, indicate that irrespective of the variation in u, it does not promote the evolution of cooperators. From
Fig. 4(a), we find that when the condition for receiving the pension M is 2, f, shows some improvement with increasing y. When
u is greater than or equal to 0.15, the evolution reaches a higher steady state with f, approaching 0.75. However, it still remains
lower than f, under the model without pension systems. From Fig. 4(b), when the condition for receiving the pension is 3, unlike
Fig. 4(a) where it is 2, the cooperation frequency continuously decreases with increasing u. It stabilizes around 0.5 when p reaches
1. Additionally, the smaller the value of y, the greater the decrease in the number of cooperators during a short period of time in
the early stages of strategy evolution. In Fig. 4(c), when the condition for receiving the pension is 4, the value of x4 does not affect
the cooperation frequency. The values of f,. corresponding to different y are concentrated in the range of 0.6 to 0.7, and they are
lower than the cooperation frequency under the model without pension systems. We can draw the following conclusion: only when
the conditions for receiving pension benefits M =2, a smaller y inhibits cooperation more, while in other cases, the impact of y is
relatively random.

To explore the combined effects of enhancement factor r and pension baseline y on the evolution of cooperation more clearly,
Figs. 5(a) and (b) demonstrate the joint effect of r and y. From Fig. 5(a), we discover that when the condition for receiving pension is
2, with r set between 4.8 and 5.5, the cooperation frequency significantly increases with an increase in u. However, when 4 <r <4.7,
f. does not gradually increase with the increase of u, but rather sharply increases after u reaches a certain value, and then remains
around 0.7 as y exceeds this threshold. Once r exceeds 5.5, f, does not show significant changes with an increase in y. In Fig. 5(b),
with the condition for receiving pension being 3, when the range of r is between 4.5 and 5.5, f, gradually increases with a decrease in
the pension baseline . When r < 4.5, regardless of the value of y, defectors dominate the entire network. When r > 5.5, irrespective
of the impact of y, f,. remains near 1. We can observe that the effect of 4 on the cooperation level is influenced by r, and only within
a specific range of r can we discover the pattern of u’s impact on the proportion of cooperation. By comparing Figs. 5(a) and (b), it
is evident that the effect of y on f, is in starkly opposite states when M =2 and M =3. When M =2, f, increases with the increase
of yu, whereas when M =3, f, decreases with the increase of u.



N. Pan, Z. Zeng, Y. Zhang et al. Applied Mathematics and Computation 477 (2024) 128831

0.20 1.0 0.20 1.0
0.18 0.18
0.16 0.8 0.16 0.8
0.14 : 0.14
0.12 0.6 0.12 0.6
10.10 10.10
0.08 0.4 0.08 0.4
0.06 0.06
0.04 0.2 0.04 0.2
0.02 0.02
0‘003.5 40 45 50 55 6.0 6.5 0.0 0'003.5 40 45 50 55 6.0 6.5 .
r r

(@QM=2 (byM =3

Fig. 5. Cooperation frequency and pension baseline against enhancement factor. The heatmaps display the cooperation frequency based on the pension baseline
p and the enhancement factor r. Figs. 5(a) and (b) transition from blue to red representing the cooperation frequency from 0 to 1. The x-axis manifests the enhancement
factor, and the y-axis manifests the pension baseline. Each x-axis range is set to [3.5,6.5], and each y-axis range is set to [0,0.2]. The condition for receiving the
pension is M =2 in Fig. 5(a) and M =3 in Fig. 5(b).

3.3. The evolution of cooperation and robustness on the network structure

To further discuss the influence of insurance premium a on the cooperation frequency in the square lattice network, we provide
snapshots of cooperators and defectors in different time stamps. Fig. 6 illustrates snapshots of cooperators and defectors for three
sets of insurance premium values: @ =0.1, « =0.3, and a =0.5. As shown in Figs. 6(c), 6(f) and 6(i), as « increases, f, decreases.

To investigate the influence of conditions for receiving the pension on the evolution of cooperation, we present the temporal
evolution of cooperators with different numbers of defected neighbors. In Fig. 7(a), where the condition for receiving the pension
is M =2, the proportions of cooperators with 0 and 1 defected neighbors are similar, both approximately at 0.3. Additionally,
in the figure, the proportions of cooperators meeting the condition for receiving the pension, i.e., with the number of defected
neighbors K, > 2, represented by the yellow, blue, and green lines, are higher than in Figs. 7(b) and 7(c). Therefore, in Fig. 7(d), the
condition for receiving the pension M =2 corresponds to a higher cooperation proportion compared to M =3 and M =4. Under the
conditions where the proportions of cooperators eligible to receive the pension, the cooperators with number of defected neighbors
K, >3 denoted by the green and blue lines in Fig. 7(b), and the cooperators with number of defected neighbors K;, > 4 represented
by the blue line in Fig. 7(c), are relatively low, Fig. 7(c) has a higher proportion of cooperators with no defected neighbors, around
0.42, while Fig. 7(b) only has a proportion of cooperators with no defected neighbors around 0.2. Furthermore, we can deduce that
in Fig. 7(d), the cooperation proportion with the condition for receiving the pension M = 3 is significantly lower than M = 4. This
also explains why in Fig. 2, under the same parameters, the more stringent condition of M =4 has a higher cooperation proportion
compared to M =3.

To investigate the effect of insurance premium « on the cooperation frequency in other lattices with different neighbor numbers,
we utilize a triangular lattice where each node has 6 neighbors, and a hexagonal lattice where each node has 3 neighbors with periodic
boundary conditions. To ensure that the proportion of cooperators is almost unaffected by the network size, we set up a hexagonal
lattice (36 X 36, N =2592) and a triangular lattice (70 X 70, N = 2450), which guarantee that the network size is approximately
2500. From Fig. 8, we can see that when 7 = 500, the network reaches a stable state, and we set condition for receiving the pension
M as 2. From Fig. 8(a), it can be seen that in the triangular lattice, regardless of the value of «, the pension insurance strategy can
have a certain promoting effect on cooperators. Moreover, regardless of the value of @, the promoting effect is similar, stabilizing f,
around 0.87. We speculate that in the triangular lattice, each node have more neighbors, making it easier for cooperators to meet
the conditions for receiving the pension with the same M = 2. Therefore, the pension insurance strategy can promote cooperation
in the triangular lattice. From Fig. 8(b), we can see that even when « is 0, no cost is required to purchase insurance but still eligible
to receive the pension, the pension insurance system does not have any promoting effect on cooperation. Furthermore, we observe
that the larger the value of «, the more pronounced the inhibition on cooperation, which is consistent with the findings in the square
lattices.

We investigate the impact of network size on the cooperation frequency under different parameters M to verify the robustness
of the model. We set the enhancement factor r to be 5, the pension baseline u to be 0.1, and the insurance premium « to be 0.1.
We observe the proportion of cooperators at each network size until # = 500, as the network evolution reaches a stable state by
then. From Fig. 9, we can see that the proportion of cooperators in the square lattice network changes relatively little with varying
network sizes under different parameters M. Furthermore, regardless of the network size, the red circles representing M =2 have
higher cooperation frequencies compared to the orange circles manifesting M =3 and the yellow circles representing M = 4, with
smaller fluctuations. In conclusion, regardless of the number of defected neighbors M, f, stabilizes around a certain value as the
network size changes. Therefore, we can conclude that the network size has almost no impact on our model, validating its robustness.
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(d) t=0 (e) t=20 (f) =200

(2) =0 (h) t=20 (i) t=200

Fig. 6. Snapshots for different parameters a. Red represents cooperator, and white represents defector. The square lattice size is set to N = 50 x 50. Initially, 50%
of cooperators and defectors are randomly distributed on the network. The condition for receiving the pension M = 3, the enhancement factor r = 6, and the pension
baseline = 0.1. From top to bottom, the parameters a =0.1,0.3,0.5, and from left to right, the time steps are ¢ = 0,20, 200 respectively.

4. Conclusions and outlooks

In this paper, we study the public goods game based on the pension system in a networked structure. Firstly, we propose a
model to represent the benefits of cooperators under the pension system and use the number of defected neighbors as the conditions
for receiving the pension. We attribute the cooperators with a property of labor level, where the labor level of cooperators can
be reflected by their corresponding benefits, and the number of defected neighbors directly affects the benefits of cooperators. The
simulation investigates the relationship between the benefit enhancement factor r, insurance premium «, pension baseline y, number
of defected neighbors K, and f,. It also verifies the robustness of the model. Despite providing additional benefits to cooperators,
the pension system does not incentivize more participants to cooperate. For the public goods game in the square lattice network, the
pension system not only fails to promote cooperation but actually weakens it. Even when cooperators do not need to incur any cost
and can receive the pension upon meeting the conditions, the system does not significantly promote cooperation. Particularly, as the
insurance premium « increases, the inhibitory effect on cooperation becomes stronger. A more stringent condition for receiving the
pension does not necessarily result in a stronger inhibition on cooperation. With all other parameters being equal, the proportion
of cooperation when the condition for receiving the pension M =4 is higher than when M = 3. Lastly, we investigate the effect of
network size on the proportion of cooperation and find that it has minimal impact on the simulations, validating the robustness of
the model.

In our work, the condition for cooperators to receive the pension is determined by the number of defected neighbors. However,
different conditions for receiving the pension or different pension composition patterns may yield different evolutionary outcomes.
The formula for calculating pension in this article is relatively simple. In future research, we can refer to retirement systems in
different countries to develop more comprehensive formulas. Additionally, it is also possible to consider different conditions for
receiving pension, based on real-life cases such as implementing a flexible retirement system that follows the principle of ‘early
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Fig. 7. Cooperators with different numbers of defected neighbors against evolutionary time. The conditions for receiving the pension M in Fig. 7(a), (b), and
(c) are set with 2, 3, and 4 respectively. We set @ = 0.3, the enhancement factor r = 6, and the pension baseline y = 0.1. Each x-axis range is set to [0,500], and each
y-axis range is set to [0, 1]. K, =0 manifests cooperator i with 0 defected neighbors, K;, = 1 represents cooperator i with 1 defected neighbor, etc. D denotes the
number of defectors. Fig. 7(d) represents the evolution of cooperation frequency for conditions for receiving the pension M of 2, 3, and 4. We observe each network
until 7 =500 to allow the cooperation frequency to approach stability.

reduction and late increase’: retiring before the standard retirement age will result in a deduction of a certain level of pension, while
delaying retirement will be rewarded with an increase in pension [45]. Through this approach, we can gain a deeper understanding
of the role of the pension insurance system in the public goods game, which may be helpful for understanding and formulating social
policies. Finally, this study reveals the influence of the pension system on cooperative behavior, and we hope that it can contribute
to the research on conditions for collective cooperation and provide insights for addressing social dilemmas.
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