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Given the widespread impact of COVID-19, modeling and analysis of epidemic propagation has been critical
to epidemic prevention and control. However, previous studies have overlooked the significant influence
of individual heterogeneity in behavior and physiology, including contact-dependent infection and migra-
tion on epidemic propagation. In this paper, we propose two metapopulation SIR models from individual
and population perspectives. The first individual model introduces individual contact-dependent infection
considering activity potential and infection rate, which leads to the derivation of the basic reproduction
number R, of our model. The birth-death process, used in the second population model, is represented
by a compound Poisson process flow and Poisson process decomposition, respectively, to depict population
mobility among subpopulations. In simulations, the number of individuals in each state and the converged
number are illustrated to demonstrate the impact of various parameters. The relationship between the basic
reproduction number R, and various parameters is also demonstrated. Furthermore, the validity of our model

is also confirmed on a real clinical report dataset of COVID-19 disease.

1. Introduction

Infectious diseases stand as a universal challenge, posing a serious
threat to human health and the stability of societies worldwide. For
centuries, humanity has been confronted with a series of pandemics,
including bubonic plague, SARS, Ebola, and COVID-19, which have re-
sulted in millions of deaths and huge economic losses. These pandemics
have also sparked great public interest and demand for unraveling their
causes and transmission mechanisms. Recently, taking advantage of sci-
entific and technological advances, there have been developed various
models to study the spread of epidemics and provide scientific insights
for effective epidemic management and control, inspiring numerous
new innovations with mathematical methods to address current and
future challenges posed by infectious diseases.

The concept of metapopulation in biology, which refers to a group
of spatially separated populations that interact through migration, was
first introduced by Richard Levins [1] and subsequently led to the
proposal of the SIR metapopulation model by Anderson and May,
which extends epidemic transmission to spatially structured popu-
lations [2]. Since the small-world [3], scale-free [4], and extended
related network models [5] have been presented, researchers have
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begun to combine networks with epidemic models. Considering dif-
ferent network structures, the basic SIR metapopulation model has
been analyzed and simulated on different networks, such as adaptive
networks [6], scale-free networks [7], random networks [8], multilayer
networks [9], time-varying networks [10], multiplex networks [11]
and simplicial complexes [12] to capture the dynamic nature [13]. In
addition, different variants of SIS models with metapopulation struc-
tures have been explored combined with networks [14], such as the
SHIR metapopulation, which takes latent periods into account, and
the SEIRD metapopulation model, which includes both latent and
dead states [15]. Moreover, in the era of big data, data-driven ap-
proaches have become instrumental in tracking the spread of epi-
demics within metapopulation networks [16,17]. In the context of
the current COVID-19 pandemic, advanced mathematical methods and
models have been used to analyze epidemic propagation, including
MepoGNN for epidemic forecasting by incorporating Graph Neural Net-
works (GNNs) and graph learning mechanisms into the metapopulation
SIR model [18], birth-death processes to study the spatial-temporal
dynamics of COVID-19 [19], models to account for mobility flows and
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geographic factors between countries [20], and models that consider
effects of mitigation measures and contact frequency [21].

In addition to modeling the different stages of an epidemic, individ-
ual heterogeneity, both physiological and behavioral, is a key factor in
epidemic modeling. Physiological heterogeneity refers to variations in
immunity, health status, and other traits that affect susceptibility, resis-
tance, and mortality. A simple SIR model with a single parameter cor-
responding to a power-law exponent of the susceptibility distribution
can capture this effect [22]. Immunity heterogeneity and the spatial
arrangement of subpopulations also affect epidemic dynamics [23]. Be-
havioral heterogeneity includes variation in activity potential, contact
frequency, and other factors that influence the intensity of interaction
and behavioral strategies. A stochastic SIR model on different social
networks is applied to assess the conditions and the extent of the
effectiveness of community lockdowns in mitigating epidemic spread-
ing [24]. To measure the protection degree of individual behaviors,
a stochastic version of the SIRS model is utilized [25]. These aspects
of individual heterogeneity are originally simulated and analyzed on
dynamic contact networks [26]. An SIS model on an activity-driven
network [27], where individuals have different activity potentials, can
capture the co-evolution of disease and network dynamics [28]. Fur-
thermore, a metapopulation SIR model on the activity-driven network
shows that the mobility threshold for epidemic spread is larger in
time-varying graphs than in static networks [13].

The migration and state transition of individuals can be modeled
using stochastic methods to reflect epidemic dynamics and outcomes.
Renowned techniques, including mean-field approximations [29], the
heterogeneous mean-field (HMF) method [30], and the stochastic mean-
field (SMF) approach [31], are often found to be inadequate to repre-
sent the randomness and variability of migration, especially for small
or heterogeneous populations. Continuous-time Markov chains offer
an alternative approach, providing stochastic processes to describe
the migration and state transitions of individuals between different
locations. Examples include a Markovian SEIR model representing
recurrent mobility patterns in the metapopulation network [32], a one-
dimensional chain binomial model capturing the non-homogeneous
Markov dynamics in a metapopulation network [33]. Another applica-
tion of continuous-time Markov chains is the birth-death process [34],
which uses Poisson arrival rates depending on the current state. Dis-
tinctively, this process replaces each death with a newborn individual,
thus keeping the population size constant [35], and models the life
span of individuals using an exponential distribution within a Poisson
process [36]. A birth—-death SIS model with time-dependent rates and a
random walk can depict migration, infection, and recovery events both
within and outside the population [37].

The complex phenomenon of individual heterogeneity and popu-
lation migration is commonly observed in real-world epidemic trans-
mission [38], and has been investigated in the field of complex sys-
tems [39]. However, current disease models have strong limitations in
their inability to adequately capture these complexities. In particular,
many models underestimate important individual characteristics, such
as immunity, behavior, and contact patterns, all of which can greatly
influence both susceptibility to and transmission of a disease. Addition-
ally, most models rely on static network structures that do not account
for the ever-changing dynamics of human interactions, which are ex-
acerbated by different mobility patterns across regions [40]. Therefore,
motivated by these identified shortcomings, our paper presents an inno-
vative metapopulation SIR epidemic model that introduces an advanced
framework that includes both individual and population-level factors.
On the individual level, we incorporate contact-dependent infection
rates, exploring how different contact frequencies and heterogeneous
infection rates impact transmission. In order to evaluate the effective-
ness of the epidemic, the basic reproduction number R, of our model
is derived. On the population level, we adopt a birth-death process
to accurately represent dynamic population rates during migration
events, which is achieved through a compound Poisson process and a
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Poisson process decomposition, respectively. The rates of immigration
and emigration are investigated through the decomposition of the
Poisson process, leading to the derivation of state transition equations.
Through extensive simulations, we demonstrate the impact of various
parameters, including activity potentials on the number of individuals
in each state, while also exploring the converged number of susceptible
individuals. The relationship between the basic reproduction number
R, and different parameters is also demonstrated. Furthermore, we
validate our model using a real clinical report dataset of the COVID-19
disease.

The paper is organized as follows: Section 2 presents the develop-
ment of our proposed models, along with a thorough theoretical anal-
ysis. Section 3 performs simulations to validate and illustrate the per-
formance of our models and theorems. Finally, Section 4 summarizes
and outlines avenues for future research.

2. Epidemic spreading in complex networks based on birth-death
process

To account for the effects of individual heterogeneity and popula-
tion mobility on the spread of diseases like COVID-19, we propose a
novel metapopulation SIR model. It incorporates the influence of pop-
ulation mobility and individual heterogeneity in terms of behavioral
and physiological traits. Our approach adopts a network representation
of the SIR model, where each individual is represented as a node,
and contacts between individuals are represented as edges. Epidemic
transmission occurs through contact between infected and susceptible
individuals. The network evolves over time as individuals move in
and out of different regions. For the purpose of analyzing the dynam-
ics of epidemic transmission and network evolution, we also use the
birth—death process.

For a living individual in our individual model, it randomly alter-
nates between three states, susceptible (S), infected (I), and recovered
(R). We assume that the future state of an individual at any given time
depends only on its current state and is independent of past states.
Consequently, the state transitions can be treated as a homogeneous
Markov chain, where the current state determines the future state.
In the following analysis, we propose transition equations for the
individual states and derive the basic reproduction number R, for our
model.

From a population perspective, we consider each region’s popu-
lation as a subpopulation within the metapopulation SIR model. The
total number of individuals in the subpopulation can be modeled as a
continuous-time Markov chain with states {0, 1,2, ..., N}, representing
the population size. The immigration and emigration of individuals
are modeled as a birth-death process. Moreover, we utilize two types
of Poisson processes, namely the compound Poisson process and the
Poisson process decomposition, to simulate the input of the vertices,
analogous to the output of the vertices. As a result of population
mobility between regions and state transitions, the population size
varies over time.

2.1. Epidemic transmission considering contact-dependent infection

We base our model on the classical SIR epidemic model, which
divides the population of size N into three groups: susceptible (S),
infectious (I), and recovered (R). We present two parameters b, and
¢; to capture individual heterogeneity in infection and recovery. The
parameter b; is the recovery rate of an infected individual i, i.e. the
probability of recovery at each time step. The parameter c; is the
infection rate of a susceptible individual i. There is empirical evidence
that the distribution of infection rates is skewed, with the majority of
individuals having a relatively low probability of infection and only a
minority exhibiting a higher probability. Moreover, statistical analysis
using the Kolmogorov-Smirnov (K-S) test suggests that a lognormal dis-
tribution best fits the infection probability data [36]. Therefore, in our
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proposed model, we assume that ¢; follows a lognormal distribution,
which is appropriate for modeling positive values between 0 and 1 with
a skewed distribution.

Definition 1. The infection rate ¢; in our proposed model is a non-
negative variable following a lognormal distribution, expressed as

¢; ~ LogN(u,0), (€]
where u and o are the parameters of the lognormal distribution.

In the context of capturing individual heterogeneity in behavioral
attributes, particularly contact frequency, we introduce the concept of
activity potential, which represents the probability that an individual
will be active and establish new contacts or interactions with others.

Definition 2. The activity potential a; of an individual i is the prob-
ability per unit of time that the individual will establish new contacts
or interactions with other individuals, expressed as

a; = nx;, (2)

where 7 is a rescaling factor, and x; is the number of interactions made
by individual i, divided by the total number of interactions made by all
individuals within a time window At.

The rescaling factor n ensures that the activity potential does not
converge to zero, even when dealing with large networks. This guaran-
tees that vertices maintain a certain level of activity regardless of the
size of the network.

Furthermore, we propose a new concept, the contact-dependent infec-
tion which takes into account both the activity potential and the infec-
tion rate. This novel concept can thus reflect individual behavioral and
physiological characteristics more accurately than the homogeneous
infection rate in conventional models.

Definition 3. Let d;; denote the contact-dependent infection rate of
a susceptible individual i in contact with an infected individual j,
expressed as

dij =a;-a;-¢. 3

The contact-dependent infection rate d;; is meaningful only in the
case where a susceptible individual i is in contact with an infected
individual j, depending on the frequency and intensity of the contact,
i.e., the activity potential of both individuals. For a network consisting
of N vertices, we obtain a contact-dependent infection matrix D =
(i) Nxn-

Using the concepts of our proposed model, the discrete transition
of the state is illustrated in Fig. 1. The solid arrows depict state
transitions, while the dashed arrows show how attributes affect the
changes. Infection relies on our proposed concept, contact-dependent
infection which is influenced by susceptible and infected individuals’
potential activity and the infection rate of susceptibles. Recovery is
solely dependent on the recovery rate.

Next, we derive the basic reproduction number R, in Theorem 1
for our proposed model. R, is a key parameter that indicates the
expected number of secondary cases on the introduction of a single
infected individual in a completely susceptible population during its
infectious period without intervention, thus reflecting how contagious
an infectious disease is. A higher R, implies a higher risk of disease
spread, and vice versa.

Theorem 1. The basic reproduction number R, of our model is expressed
as
N
Ry = 2, @
o1 b
where N is the total population, d;; is the contact-dependent infection rate,
and b; is the recovery rate.
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Idea of proof: To estimate the number of individuals infected by
the infected individual i in a small time interval from ¢ to 7 + At,
we consider the probability I(¢) that the infected individual i is still
infectious at time 7 and the probability that the contacts j of individual
i are susceptible. The proof is based on the assumption that these
two factors are independent, thus we can multiply them to obtain the
expected number of new infections.

Proof. Let I(r) denote the probability that an infected individual is
still infected at time 7, and b; denote the probability that an infected
individual will recover in a short time interval As. By considering
I(t + At) = I(t) + AI and I(t + A1) = I(t) - (1 — b;Ar), we arrive at
AI = —I(t)b;At. Taking the limit A+ — 0, we obtain % = —I1()b;.
Integrating this equation with the initial condition 71(0) = 1, we get

1) = e~ b, (5)

On the other hand, the probability that the contacts j of individual
i are susceptible in the time interval At is

N -d;; A, (6)

Multiplying the above expressions, we obtain the expected number of
new infections N - d, ;A

Consequently, by integrating over time to sum the expected number
of new infections at each time interval, we get the basic reproductive
number R, as

Ry =/ N - I(0)d;;dt. )
0
By replacing I(f) with e~ as given in Eq. (5), we obtain Eq. (8). Sub-

sequently integrating this equation leads to the derivation of Eq. (9).
To account for all infected individuals, we use the average value of

N
recovery rate # as b; and the average of the contact-dependent rate
N
N_ dyj
per pair of individuals E"f;é L as d, ;- Therefore, we have
oo
Ry = Nd,; /0 e bildt ®)
Nd,;
= 9
D ©)]
>N . d;
_ l,jN 174 ] (10)
il b

Result follows. W

Theorem 1 implies that the basic reproduction number R, is pro-
portional to the sum of the elements of the contact-dependent infection
matrix D for a given constant recovery rate. In other words, the larger
the contact-dependent infection matrix is, the stronger the transmission
is, and vice versa.

2.2. Poisson process of mobility in metapopulation SIR model

The conventional SIR model, which considers population migration,
assumes a homogeneous infection network between individuals and can
only simulate the input and output of individuals in a single population,
ignoring epidemic propagation between heterogeneous subpopulations.
Therefore, we extend the SIR model to the metapopulation scenario in
this subsection.

We adopt the metapopulation SIR model, which builds upon the
ecological concept of a metapopulation consisting of multiple sub-
populations with specific migration and communication patterns. In
this model, each vertex in the metapopulation network represents a
subpopulation with its own SIR dynamics. For example, we can apply
this model to analyze the spread of infectious disease among different
neighborhoods in a city, where each neighborhood is a subpopulation
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Recovery

Fig. 1. State transition of the metapopulation SIR model. The solid arrows represent transitions from one state to another. The dashed arrows show the individual attributes that
influence the transitions. In particular, during the infection process, contact-dependent infection is influenced by the activity potential of both susceptible and infected individuals,
as well as the infection rate of susceptible individuals. Recovery depends on the recovery rate of infected individuals.
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Fig. 2. The metapopulation epidemic spreads between subpopulations. On the metapopulation level, each vertex represents a subpopulation and each edge represents population
mobility between subpopulations. The epidemic spreads through population mobility. On the subpopulation level, subpopulations interact through the process of migration. From
subpopulation m to n, the population moves out at a rate of 4,, and moves in at a rate 4,,. On the individual level, vertices of different states contact each other through edges.

It is through these contacts that the epidemic spreads.

and the entire city is a metapopulation. As individuals move between
districts and the disease progresses, the population sizes of the districts
will naturally fluctuate, and we can study how this affects the overall
dynamics of the disease spread.

Migration plays a crucial role in the spread of epidemics, as indi-
viduals can move between subpopulations based on their health status
and mobility preferences. The migration rate is determined by the
subpopulations involved and the individuals’ health status. To represent
migration between any pair of subpopulations, distinct parameters
are used for susceptible, infected, and recovered individuals. In the
metapopulation SIR model, the birth-death process is applied to de-
scribe mobility between subpopulations, where new arrivals enter the
system from subpopulation m to subpopulation » at a rate 4,,, (Fig. 2).

2.2.1. Birth—-death evolving networks regarding two types of Poisson pro-
cesses

It remains a challenge to capture the heterogeneity of human mo-
bility in different states, which can affect the transmission dynamics of
infectious diseases, e.g., infected individuals may have lower mobility
than susceptible or recovered ones due to their symptoms or self-
isolation. Therefore, using a single Poisson process to model the input
and output of all nodes may not reflect the real situation. By utilizing
two more complex Poisson processes, we can account for the different
rates and probabilities of arrivals in each state, and thus obtain a more
accurate and flexible model of the evolving network. Specifically, we
investigate two types of Poisson processes: (1) the compound Poisson
flow and (2) the Poisson process decomposition.

(1) Compound Poisson Flow: We define three compound Poisson
processes for the three different states, S, I and R.

A compound Poisson process is a more complex stochastic process
summing up a sequence of random variables which represent an event
that follows a certain distribution and occurs according to a Poisson
process. With the probability of each event, we get the count of
events, which is suitable for counting the number of births in a state
of epidemic propagation with a certain probability. The concept and
properties of compound Poisson processes are explained below.

Definition 4. Consider one of the three compound Poisson processes
describing the birth of susceptible individuals. Let n be the number of
births per unit of time, with a probability of being in state S at birth as
py, and the complementary probability of being in state I or R at birth
as 1 — p;. We define the compound Poisson process for the number of
births in state S per unit time as Y, with parameters » and p,,

n(r)
Yo = Z X an
i=1
where {n(r),t > 0} is a Poisson process, and {X,-,i > t} is a sequence of
independent and identically distributed random variables that are also
independent of {n(r),7 > 0}. Here, X; signifies the event that the ith birth
is in state S, following a binomial distribution with parameters » and
Py, expressed as

X~ B(n,py). 12)

Analogously, two other compound Poisson processes are defined as
Y = 20 X1 iy Yrey = T X, for the number of births in state I
and R. The random variables in these processes also follow binomial
distributions, i.e. X;; ~ B(n,p;), Xg; ~ B(n, p3).

The binomial distribution is a suitable choice in this context as it
effectively models the probability of observing a specific number of
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‘successes’ (births in state S), which in this case corresponds to the
births in state S. Each trial in this distribution has the equal probability
of ‘success’ (p;). This distribution is particularly useful in scenarios
where births can occur in multiple states, but the focus is on quantifying
the number of occurrences in a specific state as S. To be more specific
when a new visitor is in state S, the corresponding binomial stochastic
variable X, takes the value 1, representing a ‘success’. Conversely, if
the new visitor is in either of the other two states, the random variable
X ; takes the value 0, which allows us to effectively count the number
of new entrants in each state. As a result, we can accurately track and
quantify the number of new visitors in each state.

The compound Poisson flow is a widely used model for the input
and output of evolving networks, since it can capture the bursty and
heterogeneous nature of network dynamics. However, the compound
Poisson flow also faces some challenges, such as the complexity of its
mathematical expression, which complicates the derivation of counts.
Moreover, the occurrence of all births follows a Poisson process, but the
birth in each state separately is not always a Poisson process. The rea-
son for this is that it depends on the distribution of the random variable
X, representing the state of the newborn. Given these complexities,
we propose an alternative type of Poisson process to model the input
and output of evolving networks.

(2) Poisson Process Decomposition: The Poisson process decomposi-
tion is a stochastic process that assigns events in a Poisson process to
different categories or channels so that the events in each category or
channel also follow a Poisson process, possibly with different parame-
ters. Therefore, we can calculate the population of the migration with
different birth probabilities in each state.

Definition 5. Consider an event in which the total number of arrivals
in a time interval [0, 7] is modeled by the Poisson process Y (r) with rate
A. Let Ygq), Yy(, and Yg, be the number of arrivals in state S, I, and R,
respectively, during the same time interval. We then decompose Y (¢)
into three Poisson processes Y, Y, and Yg(, with rates Ap;, ip,,
and Aps, respectively, where p, + p, + p; = 1, expressed as

Yg() ~ Poisson(Ap;1)., (13)

Analogously, Y, ~ Poisson(Apyt), Yg( ~ Poisson(Ap;t), interpreting
that the arrivals can be split into three Poisson flows based on their re-
spective states. The expected proportions of births for each state in the
total population are p;, p,, and p;. Owing to the superposition property
of Poisson processes, Y, Yy, and Yg, are mutually independent, and
Y(t) = Y + Yy + Yg(,)- Hence, the expected input numbers of each
state are

E [Ysp] = 4pit, a4

E [Y7)] = Apyt, and E [Yg()| = Apst.

As shown in the above illustration, both Poisson modeling methods
exploit the stochastic property of human mobility events. Neverthe-
less, there are distinct differences between them. The Poisson process
decomposition approach relaxes the requirement that each event has
a constant effect, and allows for different states of birth events. In
contrast, the compound Poisson process assumes that each event is
a random variable, reflecting the uncertainty and randomness of hu-
man mobility events. Moreover, the difference lies in their respective
method of compounding versus decomposing. With these factors in
mind, we adopt the Poisson process decomposition method for our
subsequent simulations and analyses, which is based on the simplicity
and intuitiveness of its mathematical expression when evaluating the
magnitude of human mobility.

2.2.2. Transition equations for metapopulation SIR model dynamics
Modeling the propagation of an epidemic poses notable challenges,

due to the spatial and individual variations across different regions. To

tackle this, we propose a metapopulation SIR model, depicted in Fig. 2,
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which divides the population into multiple subpopulations. This allows
us to represent the state transition through dynamical equations.

Our metapopulation SIR model considers a metapopulation network
of m subpopulations and N individuals in one of the subpopulations
before migration. At any given time ¢, the counts of S, I, and R
individuals in subpopulation M are denoted as S,,(1), I,,(t), and R,,(?),
respectively. The total size of the subpopulation m at time t is denoted
as N,,(1).

Utilizing the Poisson process decomposition, we denote the input
and output rates from subpopulation m to subpopulation n are denoted
as 4, and 4,, (4,, = 0, 4, > 0), respectively. Additionally, since
different states exhibit varying levels of mobility due to factors such
as symptoms, awareness, or policy interventions, the mobility rate
depends on the state of the individuals, with susceptible, infected, and
recovered individuals moving between the subpopulations, denoted by
p1» Py, and ps, respectively, and leaving the same subpopulation are
denoted by pj, p), and p}, respectively. By combining these internal
transmission and external migration processes, we derive the transition
equations for the metapopulation SIR model using a Markov process,
which is a stochastic process that describes the evolution of a system
based on its current state.

Theorem 2. The transition equations of each state for the metapopulation
SIR model are

AS, Z, ]Zj 1
At - N( )3 Sm(t)l (t)+;pl nm 21’1 mn
a1, T X)dy

M
- =WS 1, (1) - Z b1, (1) +;p2/1”m - ;pélmn

AR

N
A_tm=;bi (t)+2pglnm 21’3 mn

m=1

where Z,]i \ b is the average of recovery rate and 2,’1 . ZJAL , d;; is the aver-
age of the contact-dependent infection rate of subpopulation m, as defined in
Egq. (1). As discussed in Eq. (10), p,, p, and p; are the proportions of input
individuals in the S, I, and R states and p), p, and p’3 are the proportions
of nodes in the output that are in the S, I and R states respectively.

For the internal transition term, MS ()1,,()At represents

4 N()3 m m

the number of susceptible individuals that decline due to infection,
which is equal to the rate of effective transmission between susceptible
and infected individuals multiplied by the number of susceptible and
the proportion of infected individuals.

For the external migration term, we defined the proportions of
inflows and outflows of susceptible individuals in subpopulation p,,
p’l, similar to Eq. (10). At the time interval A¢, the mean of the
immigration susceptible individuals from all other subpopulations is
Z::L | (4,mA41), and the mean of the emigration of susceptible individuals
from subpopulation m to other subpopulations is Z,]:f: | (A A0). Using
the linearity of the first-order Taylor expansion of the exponential dis-
tribution, we directly add or subtract Poisson processes in probability.
The mean of the input and output individuals for state S is expressed
as Zf:[: 1 (1 Ay A1), Z”A,il(pg AmnAD), respectively. The same logic applies
to the migration sizes of I and R states.

To sum up, our modeling framework involves a metapopulation
network consisting of M subpopulations with N individuals in one
of the subpopulations, which includes S, I, and R states. Movement
between subpopulations follows a Poisson process with state-dependent
rates, which accurately captures realistic mobility patterns influenced
by health status. Meanwhile, our proposed SIR model from an individ-
ual perspective also describes individual contact-dependent infection
considering both activity potential and infection rate. The inclusion
of state-dependent mobility enhances realism and contributes to a
comprehensive understanding of metapopulation dynamics. Overall,
our modeling framework provides valuable insights into how individual
behavior and mobility affect the spread of infectious diseases within a
metapopulation context.
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Fig. 3. Variation of SIR model states with different parameters. The green curves denote the number of susceptible individuals, the red ones denote the number of infected
individuals, and the blue ones denote the number of recovered individuals. Dotted lines indicate the highest value of the parameter, dashed lines indicate the medium value of the
parameter, and solid lines indicate the lowest value of the parameter. Various parameters such as activity potential, infection rate, recovery rate, and average degree are analyzed
in the model. The activity potential a is multiplied by 1.1, 1.2, and 1.7 times the initial value. The infection rate ¢ is multiplied by 0.8, 0.9, and 1.1 times the initial value. The
recovery rate b is multiplied by 0.9, 1, and 1.4 times the initial value. The average degree is set to k = 6, k = 8, and k = 10. Lower activity potential a, recovery rate ¢, and
average degree k have a positive effect on epidemic transmission, while the lower infection rate b suppresses epidemic spread. (a) Number of three states with 1.1, 1.2, and 1.7
times the activity potential a. (b) Number of three states with 0.8, 0.9, and 1.1 times the infection rate c¢. (¢) Number of three states with 0.9, 1, and 1.4 times the recovery rate
b. (d) Number of the three states with the average degree k = 6, k =8, and k = 10. (For interpretation of the references to color in this figure legend, the reader is referred to

the web version of this article.)
3. Simulation

In this section, we present the simulation results of our proposed
metapopulation SIR epidemic model. Using the networkx packages in
Python to conduct the simulation, we are able to observe the effect of
key parameters such as activity potential on the number of S, I, and R
individuals. Additionally, we analyze the final number of susceptible
individuals to which the model converges, and we demonstrate the
relationship between the basic reproduction number R, and these key
factors. Finally, our model is verified and used to make predictions on
a real dataset of COVID-19 disease in Shanghai.

3.1. Population of metapopulation SIR model

In our case, we have chosen to focus on a single subpopulation
within the broader metapopulation framework for experimental pur-
poses. We utilize a Watts-Strogatz (WS) [3] small-world network of
1000 nodes to serve as a representative subpopulation. Each node is
initially connected to about 4 initial neighbors with a reconnection
probability of 0.7. This network structure allows us to mimic authentic
social network characteristics, such as high clustering coefficients and
low average path lengths, by following a Poisson distribution for the
degree distribution.

For the initial state, each node is labeled susceptible (S), except for
one fixed node that is labeled infected (I) to ensure a more controlled
simulation process. The simulation proceeds through 1,500 discrete
time steps. For the individual recovery rate b;, we assume that it

depends on the duration of the disease, which is the length of time
since the individual contracted the infection. We model b, based on the
realistic scenarios of the epidemic as follows: For the first 7 days of
infection, b; is 0, meaning that the individual cannot recover during
this period. This reflects the incubation and early symptomatic stages
of the disease when recovery is unlikely. From day 7 to day 14, b,
increases exponentially with a parameter of r = 40%’ meaning that the
probability of recovery for the individual is much higher as time passes.
This reflects the later symptomatic stage of the disease when recovery
is more likely. After day 14, b, remains constant, signifying that there
is minimal variation in the probability of recovery for the individual
during this period. This reflects the asymptomatic or chronic stage
of the disease, where recovery is stable. As for the activity potential
a; = nx; of an individual i, we set the scaling factor # = 300 to prevent
the activity potential from converging to 0. This ensures that vertices
have some level of activity even when the network is large. Moreover,
we model migration into subpopulation m using a Poisson distribution
with a parameter of 4,,. To determine the overall migration rate into
subpopulation m, we consider the inputs from all other subpopulations
and sum them up. In this case, after analyzing the available data and
taking into account relevant factors, we set the overall migration rate
into subpopulation m at a value of 0.17. New arrivals are randomly
connected and assigned health states based on weighted probabilities
(S=10.2,I1=0.1, R = 0.15). These weights are based on epidemiological
assumptions. Specifically, infected individuals who are less mobile
due to illness or quarantine measures are assigned a lower weight of
0.1. Conversely, susceptible individuals are more likely to move out
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or move in due to fear or avoidance of the outbreak, and they are
therefore assigned a higher weight of 0.2. Recovered individuals have
an intermediate weight of 0.15 reflecting that they are less susceptible
to outbreaks due to some immunity or antibodies. With these weights,
we can obtain the probabilities p;, p,, and p; for the Poisson process
decomposition to assign health states of S, I, and R correspondingly to
new vertices. This setup represents population migration across sub-
populations, which can either introduce new infections or recoveries.
Meanwhile, individual departures from subpopulation m and migration
to other subpopulations occur randomly with a compound Poisson
process characterized by the parameter 4,,, and the total rate of these
migrations from subpopulation m is set to 0.17. These individuals are
then removed from the network. These parameters are set in a specific
scenario and can be fine-tuned based on different assumptions and
information. At each step, we also update the activity potential and
infection rate of each vertex and record the number of S, I, and R
individuals.

In order to assess the impact of key parameters in our model, we
conducted a series of experiments focusing on the number of indi-
viduals in each state while varying key parameters such as activity
potential (a), infection rate (c), recovery rate (b), and average degree
(k). The results of our study on the metapopulation SIR model are
presented in Fig. 3. The green, red, and blue curves denote the number
of susceptible, infected, and recovered individuals, respectively. Re-
garding the activity potential (a), we specifically examined values of
1.1, 1.2, and 1.7 times (Fig. 3 (a)). Increasing a leads to higher peak
numbers of infected individuals from about 300 to 350 and then to
over 500, and earlier peak occurrence times from about 500 to 400
and 200 steps. It also resulted in a decrease in the stationary number
of susceptible individuals from about 300 to 200 and then to below 100,
and the advance of the time when it reaches stable from about 1200
to 1000 to 600 days. Similarly, the converged number of recovered
individuals increases from about 700 to 800 and then to over 900, and
the time when it reaches stable shortened from about 1400 to 1200 and
then to 1000 steps. The higher the activity potential of the nodes, the
faster susceptible individuals become infected, and the higher the peak
number of infected individuals is. Therefore, the activity potential (a)
has a positive effect on epidemic transmission.

Analogously, the infection rate ¢ also has a positive impact on epi-
demic spread (Fig. 3 (b)). Higher infection rates correlated with higher
peak numbers of infected individuals and earlier peak occurrence times.
Additionally, the number of susceptible individuals decreased faster,
and the converged number of recovered individuals increased.

Conversely, the recovery rate (b) has a negative effect on epidemic
propagation (Fig. 3 (c)). Higher recovery rates are associated with
lower peak numbers of infected individuals, but the timing of the peak
occurrence remained relatively unchanged. Furthermore, increasing the
recovery rate resulted in a slower decrease in the number of susceptible
individuals and a higher converged number of susceptible individuals.
On the other hand, the number of recovered individuals increases more
slowly, and the stationary number of recovered individuals becomes
lower.

In terms of the average degree k of the network (Fig. 3 (d)), we
set it to values from 6, 8 to 10. Similar to how the activity potential
affects the spread of the disease, increasing the average degree k causes
the peak number of infected individuals to occur earlier, accompanied
by a higher number of infected individuals. Additionally, there was
a decrease in the converged number of susceptible individuals and
an increase in the converged number of recovered individuals. This
can be attributed to the higher level of activity potential resulting
from an increase in the average degree, which indicates the number
of connections.
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Fig. 4. The relationship between the stationary proportion of susceptible individuals
and the parameters ¢ and r. The parameter ¢ is one of the parameters of the lognormal
distribution for the infection rate. The parameter r is the exponential growth rate of
the recovery rate, which reflects the speed of recovery. As the parameter o varies, the
green triangle denotes the stationary proportion with r = 1/4000, the blue circle denotes
the stationary proportion with r = 1/5000, and the red cross denotes the stationary
proportion with r = 1/6000. It has been shown that increasing r and decreasing o
has a positive effect on suppressing epidemic transmission. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

3.2. The converged number of susceptible individuals

It is also observed that the system reaches a steady state after
enough time has passed (Fig. 3), where the curves of susceptible,
infected, and recovered individuals become constant after a certain
point, indicating that the system has reached a stationary state. To
further explore the relationship between the converged number and the
parameters of our proposed model, we analyze the proportion of the
number of susceptible individuals in a stationary state with different
values of various parameters in our model, e.g. ¢ of the infection rate
and r of the recovery rate (Fig. 4).

The time step has been increased to 2000 and the number of individ-
uals to 3000 to obtain a more accurate and stable result. To determine
the stationary values of the susceptible individuals, we calculate the
average number of infected individuals in the last 100 time steps and
then obtain the proportion of the total number of individuals denoted
as P(S). We vary the parameters r and ¢ of our model and observe
how they affect P(S). The parameter r is the exponential growth rate
of the recovery rate. The parameter ¢ is the lognormal distribution
parameter of the infection rate, as defined in Eq. (1). To further analyze

the relatlonshlp, we consider three different values for r, 4000, 5000,

and 6000, and plot P(S) against ¢ for each value of r. In Fig. 4, the
parameter ¢ is the parameter of the lognormal distribution of the
infection rate. And r is the exponential growth rate of the recovery
rate. As depicted in Fig. 4, higher values of ¢ correspond to a decrease
in P(S), indicating a higher level of infection rate and increased effec-
tiveness of epidemic transmission, ultimately leading to a decrease in
the number of susceptible individuals. On the other hand, increasing r
led to an overall increase in the curves of P(S), as a higher r means a
faster exponential increase in the recovery rate, and thus a generally
higher level of recovery rate, leading to an increase in the number of
susceptible individuals. In conclusion, raising r and the recovery rate
have been shown to have a positive impact on suppressing epidemic
transmission.

3.3. Correlations between basic reproduction number R, and key parame-
ters

In this subsection, we perform simulations to examine the effects of
several key parameters on the basic reproduction number R,, which
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Fig. 5. Influence of different parameters on the basic reproduction number R, in 1500 time steps. The blue curves denote the value of R, with a lower level of parameters. The
red ones denote the value of R, with a higher level of the parameters. The following parameters are varied to study their effect on the spread of the disease: activity potential,
recovery rate, infection rate, the migration. The activity potential is increased by increasing the average degree from 4 to 6. The recovery rate is increased by changing the
parameter r of the recovery rate from 1/5000 to 1/3500 and reducing the initial period of zero recovery rate from 7 days to 5 days. The infection rate is increased by updating the
values of the parameters (u, o), from (-2, 0.5) to (=3, 0.6). It is observed that eliminating migration simulates the network without migration, thereby reducing the transmission
effect. Decreasing the activity potential and the infection rate, as well as increasing the recovery rate, demonstrates the ability to mitigate the epidemic spread. (a) The value of
R, with different activity potential. (b) The value of R, at different recovery rates (c) The value of R, at different infection rates. (d) The value of R, varies with and without
migration. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

represents the efficiency of the disease. Specifically, we modify the
initial settings of the WS small-world network by adjusting the average
degree. We also change both the recovery rate and the infection rate.
For each parameter setting, the basic reproduction number R, of our
proposed model is calculated using Theorem 1, and the time steps are
adjusted to 1500 steps to better display our results. The results are
shown in Fig. 5.

First, we reduced the average degree of the network from 6 to 4
to simulate lower levels of activity potentials of the vertices, as shown
in Fig. 5 (a). A lower average degree means a lower level of activity
potential and thus a lower efficiency of disease transmission. Then, we
adjust the recovery rate b and the infection rate ¢ of the vertices to
simulate different recovery scenarios. More specifically, we increase the
parameter r of the recovery rate from the value of ﬁ to ﬁ and
shorten the first 7 days where the recovery rate remains at O to the
first 5 days, simulating a situation where the recovery rate is generally
higher in the later stages of an epidemic. Moreover, we update the
parameters y and o of the lognormal distribution of the infection rate
¢ from -2 and 0.5 to —3 and 0.6, which results in a lower mean and
a higher variance of the infection rate, simulating a situation where
the infection rate is lower in the population. Lastly, we eliminate the
migration rate of the subpopulation to explore the efficiency of disease
transmission without migration.

Fig. 5 shows the correlation between the three parameters and the
basic reproduction number, denoted as R,. Fig. 5 (a) shows that the
value of R, decreases as the average degree decreases, indicating that
the transmission potential of the disease is negatively correlated with
the average degree. The value of R, with low activity potential changes

much slower than the value of R, with high activity potential. This
is because the average degree directly influences the level of activity
potential. As the average degree decreases, the speed of infection slows
down, and thus the efficiency of disease transmission decreases. Fig. 5
(b) depicts that the value of R, decreases as the recovery rate b
increases, suggesting a negative correlation between the reproduction
number R, and the recovery rate b. A higher recovery rate means a
faster recovery of infected individuals, and thus a lower transmission
potential. The red and the blue curves change synchronously over time,
but the blue curve has higher values than the red curve. This suggests
that the recovery rate of our proposed model has little influence on
the timing of the peak of R,, but more on its magnitude. Fig. 5 (c)
reveals that R, decreases as the infection rate b decreases, implying that
a lower infection probability results in a lower transmission potential.
And the change of R, with a high level of infection rate is faster than
R, with a low level of infection rate. This is because the infection rate
directly influences the speed of infection and thus the effectiveness
of epidemic spread. Fig. 5 (d) shows that the value of R, is higher
in the case without migration than in the case with migration in the
initial period of the epidemic, indicating that migration can reduce the
transmission potential by introducing more susceptible individuals into
the population. This is because we set a considerable percentage of
susceptible individuals who move in, thereby increasing the chance of
infection. Over time, however, the difference between the two cases
becomes smaller.

Consequently, our experimental results have confirmed our theo-
retical analysis, which demonstrates that the value of R, is inversely
proportional to the recovery rate b and directly proportional to both
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Fig. 6. Zone segmentation of Shanghai’s human mobility intensity network. Consider Shanghai as a metapopulation comprised of various subpopulations that align with
its districts. The level of disease is represented by the intensity of the color block, which is determined by real data on the development and severity of the epidemic. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

the activity potential a and the recovery rate c. This finding is consis-
tent with the results derived in Theorem 1, a larger effective degree
matrix D indicates a higher transmission potential, while a smaller one
indicates a lower transmission potential. Furthermore, as a recommen-
dation regarding the concept of contact-dependent infection proposed
in the first model, individuals are suggested to enhance their contact
patterns and improve physiological immunity. For instance, reducing
the frequency of socialization or increasing physical exercise can ef-
fectively curb the spread of the epidemic. With regard to population
migration, it is recommended that individuals reduce the frequency of
migration in order to control the spread of the epidemic.

3.4. Simulation of an outbreak of COVID-19 in shanghai

In this subsection, we simulate the number of infected individuals
in Shanghai, the largest commercial and economic center in China.
Consider the city as a metapopulation, consisting of multiple sub-
populations corresponding to its different districts. Additionally, we
account for the migration that takes place across these subpopulations.
Based on actual data on the level of development and severity of the
epidemic, we can estimate the number of migrants in each district.
In Fig. 6, the intensity of the color block represents the level of the
disease in different districts. Since there exist both symptomatic and
asymptomatic infections, we sum them up to get the total number of
infected individuals in the city.

To simulate the epidemic situation in Shanghai, we made some
adjustments to the network settings. We used the real data from March
25th to April 25th, which lasted 32 days, thus we set the time step to
32. We considered the population network as a small-world network
with a total number of n = 1000 individuals, scaling down the popu-
lation proportionally to the real population. According to the change
in network size, we set the average degree k = 100 and the number
of initially infected individuals to 7. We also reset the rate of the
exponential increase of recovery rate r = 1/1000, and the parameter
of the infection rate ¢ = —3.61, to better simulate the real situation
in Shanghai. Moreover, we adjusted the proportion of individuals in
three states (susceptible, infected, and recovered) in the emigration
population according to the real data. Fig. 7 shows the comparison
between the real number of infected individuals and the number of
infected individuals predicted by our model.

We compare the predicted number of infected individuals (P) and
the actual number of infected individuals (R) using three different
similarity measures: the Pearson correlation coefficient, the cosine

similarity, and the first-order temporal correlation coefficient (CORT).
The Pearson correlation coefficient measures the linear relationship
between the variables, expressed as

e TR PR
VEL R = PPy (R, - R

where T is the number of observations, P and R denote the sample
means of P and R, respectively. The Pearson correlation coefficient,
which ranges from —1 to 1, signifies the strength of the correlation.
A value of 1 indicates a strong positive correlation, while 0 implies no
correlation, and —1 indicates a strong negative correlation. On the other
hand, the cosine similarity measures the angle between two vectors
using the following formula,

(15)

(16)

In this equation, P and R are the vector representations of P and R,
respectively. The cosine similarity value ranges from O to 1, where
1 indicates that the vectors are parallel, 0 indicates that they are
orthogonal, and values close to O indicate that they are dissimilar.
Lastly, the CORT measures how correlated two time series are with a
one-step lag, and is expressed as
CORT = Bt P= PR =B
VEL P - PRy (R, - RY
Likewise, T is the number of observations, P and R are the sample
means of P and R, correspondingly. The CORT ranges from -1 to 1,
where 1 exhibits the same pattern, —1 signifies the opposite pattern,
and 0 indicates no temporal correlation.

Applying these three measures to our prediction, the Pearson coef-
ficient, cosine similarity, and CORT have values of 0.979, 0.990, and
0.942, respectively. These results indicate a high degree of similarity
between the variables P and R, suggesting that our model can accu-
rately predict the number of infected individuals in Shanghai. Notably,
the Pearson correlation coefficient produces slightly lower results than
the cosine similarity, due to its sensitivity to the nonlinear relationship
of time and population of infection. Additionally, the CORT yields
slightly lower scores than the other two measures, since it captures the
lagged effect of one variable on another, while the remaining measures
focus on simultaneous effects.

a7
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Fig. 7. The comparison between real data and theoretical results in Shanghai from March 25th to April 25th The red cross represents the number of real infected individuals,
while the blue circle plot depicts the theoretical number of infected individuals based on our proposed model. Both curves exhibit similar patterns overall. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

4. Conclusion and outlook

In this paper, we propose and analyze an advanced metapopulation
SIR epidemic model that incorporates population mobility and individ-
ual heterogeneity as key features. By employing stochastic methods,
we investigate the model from two perspectives: (1) Considering the
contact pattern and physiological heterogeneity of individuals to derive
a theorem on the basic reproduction number R,, which represents
the transmission potential of the disease. (2) Including the migration
of mobile individuals, using a birth-death process modeled by com-
pound Poisson flow and Poisson process decomposition, considering
the difference in the migration rate depending on the different three
states. Furthermore, we conduct simulations and show how the num-
ber of susceptible, infected, and recovered individuals changes with
different values of model parameters, and how the converged number
of susceptible individuals varies with different levels of infection rate
and recovery rate. We also validate the correlations between the re-
production number R, and key parameters. Our findings reveal that
low contact-dependent infection including low contact frequency and
low infection rate, can negatively impact disease transmission, while
immigration and emigration can effectively mitigate the epidemic. To
validate the practicality of our model, we apply it on a real clinical
report dataset of COVID-19 disease in Shanghai. It enables us to ac-
curately predict the number of infected individuals. This contribution
not only enhances our understanding of metapopulation dynamics but
also provides valuable theoretical insights for effective epidemic control
strategies.

Despite these significant advancements, some challenges still exist.
For instance, accurately representing the mobility of different sub-
populations in heterogeneous networks requires the formulation of a
concrete formula for the rate of immigration and emigration. Addi-
tionally, determining the distribution of the time at which the basic
reproduction number R, reaches zero, indicating the end of the epi-
demic, along with understanding the relationship between the rewiring
probability and individual count, presents additional complexities. In
the future, we intend to address these challenges by incorporating a
multi-layer network to model the heterogeneity of various subpopula-
tions and fit realistic data. We believe that these efforts will enhance
the accuracy and practicality of our model.
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